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Abstract

This work provides a characterization of Quasistationary Distributions
(QSDs) for Markov chains with a unique absorbing state and an irre-
ducible set of non-absorbing states. As is well known, every QSD has
an associated absorption parameter describing the exponential tail of the
absorption time under the law of the process with the QSD as the initial
distribution. The analysis associated with the existence and representa-
tion of QSDs corresponding to a given parameter is according to whether
the moment generating function of the absorption time starting from any
non-absorbing state evaluated at the parameter is finite or infinite, the
finite or infinite moment generating function regimes, respectively. For
parameters in the finite regime, it is shown that when they exist, all QSDs
are in the convex cone of a Martin entry boundary associated with the pa-
rameter. The infinite regime corresponds to at most one parameter value
and at most one QSD. In this regime, when a QSD exists, it is unique and
can be represented by a renewal-type formula. Several applications to the
findings are presented, including revisiting previously established results
using the developments in this work.

1 Introduction

Let Z, = {0,1,2,...} the set of nonnegative integers, and N = {1,2,3,...}
the set of natural numbers. We also write Ry for the set of nonnegative real
numbers.

Consider a Markov chain X = (X,, : n € Z) on a state space which is a
disjoint union of the set S and the singleton {A}, and where S is either finite
or countably infinite. Let p denote the transition function for X. As usual, we
write P, and F, for the probability and expectation associated with X under



the initial distribution p, with P, and E, serving as shorthand for Ps_ and Ej_,
respectively.
For z € SU{A}, let

7, = inf{n e N: X,, = 2}, (1.1)

and
Or, =inf{n € Z, : X,, = z}. (1.2)

We work under the following additional hypotheses:
HD-1. 7A < 00 P,-a.s. for some x € S.
HD-2. The restriction of p to S is irreducible.

As a result, A is a unique absorbing state. We therefore refer to 7o as the
absorption time.

Definition 1.1 (QSD). Let HD hold. A probability measure v on S is a
Quasistationary Distribution (QSD) if

P (Xp€-|ma>n)=v() foral neZ;. (1.3)

As is well-known, |28 Theorem 2] v is a QSD if and only if it is a “Quasi
limiting distribution” in the sense that there exists some probability measure p
on S so that

lim P,(X, €-|7a>n)=wr. (1.4)

n—oo

The idea of a limiting conditional distribution traces back to as early as
1931 by Wright [30] in the discussion of gene frequencies in finite populations.
Later, Bartlett introduced the notion of “quasi stationarity” [3] and coined the
term “quasi-stationary distribution” in the context of a birth and death process
[4]. Yaglom [31] was the first who showed explicitly that the holds for
a non-degenerate subcritical branching process starting from any deterministic
initial population, with a limit independent of the initial population. To this
day, results of this type are referred to as Yaglom limits.

An important property of a QSD is the following |22, Theorem 2.2]. Suppose
v is a QSD. Then there exists some A > 0

P,(Ta >n) = e " (1.5)

That is under P,, 7a is geometric with parameter 1 —e~*. We refer to A as the
absorption parameter associated with v.

The definition of a QSD immediately leads to the following characterization
of QSD, see e.g., [22].

Proposition 1.1. Let HD hold. A probability measure v on S is a QSD
if and only if there exists some X\ > 0 such that
> v(ipli g) = e w(j), j €S (1.6)
=

In this case, v is a QSD with absorption parameter \.



Two comments are in place:
1. Since S is irreducible, if v is a QSD then v(i) > 0 for all ¢ € S.

2. The analogous statement to Proposition|[l.1|in the continuous-time setting
is generally false, see [27) Section 3.3].

In light of (L.5), the following is a necessary condition for the existence of a
QSD:

HD-3. There exists 3 > 0 such that E,[exp(S7a)] < oo for some (equivalently
all) x € S.

We note that the statement in parenthesis holds due to the assumed irre-
ducibility of p. Clearly, HD3]is not a sufficient condition, as the following very
simple example shows:

Example 1.1. Let p be any irreducible transition function on S. Let p be defined
as follows. Fiz Ao > 0, and define a transition function p on SU{A} by letting
p(x,y) = e erp(z,y) when z,y € S and p(x,A) = 1 — e ?er. In terms of
sample paths, p and p are related as follows. Let'Y be a MC corresponding to p,
and let Ta be a geometric random variable with parameter 1 —e=*er | independent

of Y. Now fort e Z, set
Xn = Ynl{‘rA>n}-

Then X = (X, : n € Zy) is a MC with transition function p, and holds
with A\ = A and any distribution v on S. However, for every probability
measure v on S, P,(X, € - | A >n) = P,(Y, € ) and so v is a QSD for p if
and only if it is a stationary distribution for p, and this holds if and only if p is
positive recurrent.

Definition 1.2. Let HD hold.
1. The critical absorption parameter \.. is given by

Aer = sup{\ > 0: E,[e*™] < oo for some z € S}, (1.7)

2. A parameter \ € (0, Aoy is in the finite MGF regime if E,lexp(ATa)] < 00
for some x € S.

8. The critical absorption parameter A is in the infinite MGF regime if
E.lexp(AerTa)] = 00 for some x € S.

The constant e*er also appears in the literature [8] as the convergence pa-
rameter for p, and the constant e~*e~ is also known convergence norm, a gen-
eralization of the Perron-Frobenius root. The infinite MGF regime is referred
to as the R-recurrent case with R = e*er. We decided not to use these terms
as our analysis covers all absorption parameters, not just A, and also because
R-recurrence is not a criterion for the existence or non-existence of QSDs but
rather an indicator for which approach to apply, something which is simpler to
describe through the two regimes presented.

As an immediate corollary, we have the following:



Corollary 1.1. Let HD4123| hold. Then
1. Aer € (0,00)
2. If v is a QSD with absorption parameter X\, then X\ < A;..

Proof. Clearly HD43] implies A, > 0, and the irreducibility of S implies that
for every x € S, p"(x,z) > 0, hence - by induction - P,(7a > kn) > (p"(z, x))¥,
which in turn implies e*er < (p"(z, )~ and so A, < 00.

For the second assertion, if v is a QSD, with absorption parameter A, (1.5
implies that for any € > 0, E,[(e*/(1 + €))™] < oo, and the result follows. [J

If v is a QSD with absorption parameter A then

(T.5) 1 Cor. 1] 1
Bl = 1= =2 ==

For this reason, a QSD with absorption parameter A, is called a minimal QSD:
it minimizes the expected absorption time among all initial distributions that
are QSDs.

We close this section with the following observation.

Proposition 1.2. Let A € (0, Ae]. Then for every x € S, E lexp(A1y), 7o <
TA] < 1. Moreover,

1. If E,lexp(ATa)] < oo then the inequality is strict;

2. If Eylexp(AerTa)] = 00 and E,lexp(AerTa ), Ta < Tz < 00 for somex € S,
then Eplexp(AerTe), Te < 7a] =1 for allxz € S.

Proof. Pick A < Ag. Then Eglexp(A7a)] < oo. Partitioning according to
Te < Ta Or T, > Ta and using the strong Markov property, we have

E.lexp(ATa)] = E.lexp(A1y), 7o < Ta|Ezlexp(A7a)] + Ezlexp(ATa), Ta < Tz].

As the left-hand side is finite and the second term on the right-hand side is
strictly larger than zero, the first statement holds, with all terms on the right-
hand side finite. Moreover, we can write

E.lexp(ATA), Ta < Tz]

E.lexp(Ata)] = 1= By fexp(Ara), 7 < 7a]” (1.8)

Both assertions now follow from the monotone convergence theorem by letting
AT Aere O

2 Results: Discrete-Time

2.1 Infinite MGF Regime

Throughout this section, we assume that the hypotheses HD-1,2,3 hold.
The main result of this section is a necessary and sufficient condition for the
existence and uniqueness of a minimal QSD in the infinite MGF regime.



Theorem 2.1. Suppose A is in the infinite MGF regime. Then

1. There exists a minimal QSD if and only if for some x € S
E.lexp(AerTa A Ty)] < 00 (2.1)

In this case, there exists a unique minimal QSD, given by the formula

erer — 1
Ver(x) = , T €S 2.2
(@) E.lexp(AerTa), Ta < Ta) (2:2)
2. If, in addition to (2.1)),
E.lexp(AerTa ) Ta, Te < Ta] < 00 for some x € S, (2.3)

and p is aperiodic, then (1.4]) holds for any finitely supported p, with
V= Vg

As mentioned below Definition [T.2] A, is in the infinite MGF regime if and
only if p is R-recurrent with R = e*er [8]|9]. In this regime, p is called R-
recurrent if holds, and under this additional assumption, Theorem D of
[8] provides an infinite dimensional version of Perron-Frobenius: existence of
unique (up to scalar multiples) of left and right eigenvectors for p with eigen-
value 1/R, as well as convergence. However, R-positive recurrence does not
imply the existence of a QSD as, in general, the left eigenvector cannot be nor-
malized to a probability measure. The main result of [9] gives conditions that
imply R-positive recurrence with a left eigenvector, which is a minimal QSD and
convergence results. Nevertheless, in the infinite MGF regime, R-positive recur-
rence is not necessary for the existence of a minimal QSD, see Proposition 3.2
Moreover, minimal QSDs also exist in the finite MGF regime, see Proposition
and Theorem

Next, we provide a condition equivalent to , which may be easier to
verify directly in some cases. For K C S, define the hitting time

Tk =inf{ln e N: X, € K} (2.4)

Proposition 2.1. Suppose that K C S is nonempty and finite and that for
some x & K,
E.lexp(AerTa A T )] < 00. (2.5)

Then there exists z € K so that
E.[exp(AerTa A T2)] < 00.

The next result is a weak version in discrete time of the main result in [19].
The main differences are that the authors worked in continuous time, did not
assume irreducibility, and gave an explicit geometric bound on the convergence
rate without identifying the QSD. We expand this discussion when we present
a continuous-time version, Theorem [7.2}



Theorem 2.2. Suppose that there exists some A > 0 and a nonempty finite
K C S such that both following conditions hold:
E.[exp(ATa)] = oo for some z € S; (2.6)
sup E,[exp(ATa A Tk)] < 0. (2.7)
¢ K

Then

1. Aer € (0,N], Aoy is in the infinite regime, and R2.1)), 2.3) and (2.5)hold.
2. There exists a unique QSD. This QSD is minimal and is given by (2.2)).

If, in addition, p is aperiodic and there exists some o € S and ng € N such
that
nf Py (Tyy < TA)
€S fQ(TA > no)

then (1.4) holds for any initial distribution p.
Proposition 2.2. Suppose S is finite. Then (2.6), (2.7) and (2.8) hold with

A=Ay and K =8 — {xo}, where xg € S is any element mazimizing S > © —
p(z, A).

>0, (2.8)

2.2 Finite MGF Regime

The finite state space case is settled by Proposition Therefore, in addition
to HD-1,2,3, in this section, we will also impose the following:

HD-0. S is countably infinite.

2.2.1 DMartin Boundary Representation
Definition 2.1. Let A > 0 be in the finite MGF regime. For x € S, define
1. The Green’s function

C,y) = Eo[ Y exp(As)d,(X,)]

0<s<TA
E lexp(Aty), 7y < TA]
1 — Eylexp(A1y), 7y < Ta]

Then G(x,-) is a finite measure on S with total mass

E,[exp(Ata)] — 1.

Gz, 1) = S

2. The normalized kernel K*(z,-), a probability measure on S in the second

variable,
A G z,vy) er—1 Eylexp(A1y), 7y < TA]
K ($>y):: = \ .
GMxz,1)  Eglexp(Ata)] —1 1 — Eylexp(Ary), 7y < 7A]
(2.10)



3. A sequence x = (x,, : n € N) of elements in S is A-convergent if for every
y €8, lim, oo K*(2n,y) exists. If x is A-convergent, we denote the limit
(probability or sub-probability) measure by K*(x,-).

4. A sequence X is A, co-convergent if it is A-convergent and lim,_, . T, = 00.

Note that any eventually constant sequence in S is A-convergent, but not
)\, oo-convergent and that due to the fact K*(-,-) € (0,1] and a diagonal argu-
ment, every unbounded sequence has a A\, co-convergent subsequence.

Definition 2.2 (Martin Compactification).

1. The A, co-convergent sequences x and X' are A-equivalent if K*(x,-) =
KM/, -), writing [x] for the equivalence class and K*([x],-) for K*(x,").

2. The Martin Boundary O M is the set of equivalence classes of \,oo-
convergent sequences.

3. Define the metric p* on M> = S U M as follows:

o0

1
p)\(aa b) = Z 27(|5a,n - 5b,n| + d(KA(‘Ln)v KA(ba n)))a
n=1
where d(i,j) = Hlfﬁi‘]l

4. Let S = {[x] € 0*M : K*([x],) is a QSD}.

The next theorem is a Choquet-type result, stating that the metric space
introduced above characterizes all QSDs through the ways the process may
“come from infinity”.

Theorem 2.3. Let A > 0 be in the finite MGF regime. Then, there exists a
QSD with absorption parameter X if and only if S* is not empty. In this case,
1 is a QSD with absorption parameter X if and only if there exists a probability
measure F,, on 0*M satisfying F(S*) =1 and

u(y) = / KN(x], 9)dFu((x]), y € 5.

Analogous results in the context of positive harmonic functions are classical
results in potential theory, e.g., |23] and our proof of Theorem is primarily
based on the [23] with the appropriate changes. Nevertheless, to the best of our
knowledge, the present work is the first to introduce the Martin boundary in
the context of QSDs and the first attempt to characterize all QSDs in the finite
moment regime.

Theorems and provide a complete description of all QSDs for a given
Markov chain.



2.2.2 Conditions for Existence of QSDs

In this section, we focus on the behavior of the generating function at infinity
to show sufficient conditions for the existence and the non-existence of a QSD.

Theorem 2.4. Let A > 0 be in the finite MGF regime. Then

1. If there exists X' € (0, \) satisfying lim,_,oc Fy[exp(N7a)] = oo then for
every \, oo-convergent sequence X, K*(x,-) is a QSD with absorption pa-
rameter A.

2. If sup,, E,[exp(ATa)] < oo, then there are no QSDs with absorption pa-
rameter \.

Corollary 2.1. Let
Ao = inf{\ € (0, Asr) : li_)m E,lexp(ATa)] = oo},

with the convention inf ) = co. Then for every X € (Ao, Aer] there exists a QSD
with absorption parameter .

Note that the corollary yields the existence of a minimal QSD, regardless of
whether it is in the infinite or finite MGF regime.

A tightness argument, a key element in the proof of the first part of the
theorem and the corollary, has appeared in [10]. The proof of the second part of
the theorem relies on results to be developed independently in the next section.

Definition 2.3. Let A > 0 be in the finite MGF regime and for x,y € S define

E lexp(Ata), 7y < TA]

A _
ey = E,lexp(Ata)] — 1

With additional assumptions on p, the existence and uniqueness of QSDs
can be obtained through analysis of C*.

Proposition 2.3. Assume that for every y € S,

> p(z,y) < . (2.11)

Let A > 0 be in the finite MGF regime. Let (z,, : n € N) be a sequence with
lim,, 00 Ty, = 00.

1. If liminf, Cz,,y) > 0 for some y € S, then there exists a QSD with
absorption parameter \.

2. If liminf, C*(x,,y) > 1 for all y € S, then there exists a unique QSD
with absorption parameter A given by

er—1
Eylexp(ATa),Ta < Ty]

v(y) =



Corollary 2.2. Assume that (2.11)) holds. If the set A = {x : p(x,A) > 0} is
finite, then for every A € (0, A.) there exists a QSD with absorption parameter
A.

We close this section with a result connecting the Martin boundary approach
Proposition [2.3

Corollary 2.3. Let A > 0 be in the finite MGF regime and suppose that (2.11))
holds. Let [x] € M. Then the following are equivalent:

1. K*([x],-) satisfies (1.6) and is not identically zero.

2. There ezistsy € S and a sequence (z,, : n € N) € [x] such thatlim,,_,o, C*(z,,y) >
0.

Note that under the equivalent conditions in the corollary and the irre-
ducibility of S, K*([x],-) is strictly positive, and lim,, oo C*(z,,y) exists and
is in (0,00) for all y € S and (z,, : n € N) € [x]. Moreover, K*([x],-) can be
normalized to a probability measure which is then necessarily a QSD.

2.3 Auxiliary Results

Proposition 2.4. The family of distributions of e*er™ wunder P, x € S, is
not uniformly integrable.

The proposition has the following immediate corollary utilizing the fact that
any finite set of integrable RVs are uniformly integrable and stochastically dom-
inated.

Corollary 2.4. 1. Suppose that S is finite. Then A.. is in the infinite
regime.

2. Suppose that there exists a sequence (x,, : n € N) of elements in S and
that for every n € N the distribution of Ta under P, 1is stochastically
dominated by its distribution under P, If Aer is in the finite regime,
limy, 00 Bz, [exp(AerTa)] = 00.

n+1"°

Proof of Proposition 2.4 We argue by contradiction. Suppose that

lim,, o0 SUP,eg Ex [eXp()\CTTA),TA > n] = 0. Then for every e € (0,1), there
exists mg such that sup, E.[exp(Aer7a), Ta > ngl < €/2. As a result of the
Markov property, it follows that sup, E,[exp(AerTa), 7a > kng) < (¢/2)F. And
so, for every = € S,

Ze 2 [exp(AerTa), Ta > kng| < oo.
k=0
This implies
ZE k+1)E exp()‘chA)aknO <7A < (k + 1)”0] <0
k=0

10



But when 7o < (k + 1)nq, ekt > ¢=7a/m0 and so we have

ZEm[(efl/""e)‘")m,kno < 7A < (k4 1)ng] < 0.
k=0

That is, taking eter = e 1/m0erer > erer | we have that E,[e*r7™2] < oo, contra-
dicting the definition of .. O

Next, we provide sufficient conditions for (2.1) to hold.

Proposition 2.5. Let x € S and suppose that at least one of the following
conditions hold:

1. The probability distributions r — Py(X,. € - | TA A7y > 1) are tight.
2. There exists x € S such that infyecg Py(m5 < 7a) > 0.
Then sup,, Exlexp(AerTa A T2)] < 00.

Note that if the set S of states z satisfying p(z, A) > 0 is finite, then the
second condition automatically holds.

Proof of Proposition[2.5 Let A € (0, \¢). Summing by parts, for any nonneg-
ative bounded random variable Z, we have

Eulexp(A\a A 72)Z) = X Eo[Z) + (X = 1) M B[ Z1anr,5ry) (2.12)
r=1

By monotone convergence, this holds for any nonnegative random variable Z.
When taking Z = 1 we have

Elexp(Ara Amp)] =X + (e = 1) M Po(ra A1y > 7). (2.13)

r=1

Now take
Z = EX(TA/\TI) [eXp()\OTA)].

The strong Markov property gives that the left-hand side of (2.12]) is equal to
E,lexp(ATa)]. As for the right-hand side, from the Markov property,

Ey[Z,7a N > 1| Fe) = Linanre ey Ex (rans,) [exp(A074)].
In our case,
E[Z, A N7y > 7| Fr] 2 1iranre sy Px(r) (Te < Ta) Ezexp(A7a)].
Therefore

E.[Z,TANTz > 1] >

Ey [exp()\TA)]EZE[I{TA/\TI>T}PX(7’) (Tm < TA)]
Ey[exp(ATA)| Bz [Px () (Te < TA)|TA A Te > 7] Pp(TA A Tp > 7).

11



Assuming the first condition, the tightness condition. For every € > 0 there
exists some finite set K, such that P(X(r) € K¢|ta A7y > 1) > (1 —¢€). Let
co = co(€) = minye g, Py(7y < 7a) > 0. Therefore, we have that

E[Px () (T2 < TaA)|TA AN Te > 1] > 1, (2.14)

where ¢; = (1 — €)ca. If we assume the second condition instead, then we can
use the infimum in the condition as ¢; in (2.14). Thus, under either condition,
we have

E,[exp(Ata)] > e E, [EX(TAATm)[exp()\OTA)]] + ¢1 Ey[exp(Ata)](e* — 1) Z M Py(Ta ATy > )

r=1

BLY A B [Ex (s ne [exp(A07)]] + €1 Balexp(Ara)| (Ex[exp(Ara A 7)) — €*)

> 1 B, [exp(ATa)](Eelexp(Ata A T2)] — €).

Divide both sides by E,[exp(ATa)] to obtain the bound

1
E,lexp(Ata A 73)] < e+ s
1

The result now follows from monotone convergence. O

3 Proof of the results of Section 2.1]

We begin with some results we need.

3.1 Potential Theoretic Results
Proposition 3.1. Let A € (0, \.].

1. For x € S define the measure p, through

pe(y) = Ex[ D exp(As)d,(X,)], y€ S

S<TzN\TA
_ Eglexp(Aty), 7y < 7o A TA]
1 — Eylexp(Aty), Ty < Tp A TA]

Then
(12p)(2) = € iz (2) + € 26,(2) (Bulexp(Ar), 7 < 7a] = 1), z € é )
2. For z € S define the function h. : S — [0,00) by letting
h.(z) = Eylexp(At2), 7. < 74] (3.3)
Then
(ph2)(z) = e *ho(@) + p(x, 2)(ha(2) = 1) (3.4)

12



Note that Proposition and the irreducibility guarantee that both v, and
h. defined in the proposition are strictly positive and finite on S.

Proof. For the first claim,

MIP(Z) = Z Z EI[ITA>517-I>S eXp()‘s)(Sy (Xs)]p(y, Z)

y s=0
= e_’\ Z ek(s+1)E1[1TA>81n>s5z (Xs+1)]
s=0

—e N (12 (2) — 04(2) + 04(2)Er[exp( A1), T < TA])
— e’Auz(z) + e*’\éx(z) (Eylexp(ATe), 7w < 7a] — 1).

For the second claim, observe that
h.(x) = Elexp(A1,), 7. < TA]
= e p(z, 2) + Z e*p(x,y) Eylexp(Ar,), 7o < 7a]
y#z

=Xa Zp(x, Yh.(y) + e*p(x, 2)(1 — h,(2)).
yeSs

3.2 The Reverse Chain

Suppose that v is a QSD with absorption parameter A. We introduce the time-
reversed transition function ¢ on S:

e)\

Q(yax) = V(l‘)p(m,y)@, r,y €8S. (35)

Note that ¢ has no absorbing states, inherits the irreducibility from p, and
reverses the arrow of time. Write Q., EC for the probability and expectation
for the Markov Chain on S corresponding to the transition function ¢q. We have
the following simple lemma obtained from products of .

Lemma 3.1. Letx = (zg, 1, ...,2y) be a sequence in S. Write X = (T, Tn—1, -

the reverse sequence. Then

n—1

1
V(T
[, 2j00) = (n) q(@j,zj-1).
i=0 v(xo) i
In particular
Py (Xion = X) :e_’\"MQ (Xiom = X) (3.6)
To [0,n] I/((ﬂo) Tn [0,n] 3 .

13
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and

Pry(Xpon) =x,7a=n+1) = e_)‘"Wan( [0,n] = §) (3.7)

To introduce the next result, we need some additional notations. Let
= e’\z (2, A)Q.( 1, < 00). (3.8)

Proposition 3.2. Let v be a QSD for p with absorption parameter A. Then
I,(x) < e* — 1 and equality holds if and only if one of the following holds:

1. q 1s recurrent.

2. There’s a bijection o : S — Z4 U{—=1} with c(A) = —1 and the following
properties
(a) For allz € S, p(xz,y) >0 ifo(y) =o(x) — 1.
(b) Forallz € S, p(z,y) =0 if o(y) < o(z) — 1.
A chain satisfying the latter set of conditions is also known as skip-free [11].

Such chains are the simplest to study. Complete characterization of all QSDs
for such chains is given in Section

Proof. Since v(S) =1, we have

<e)‘z p(z,A) —eAZ Zp(z,y))ze)‘(l—e_A):eA—l.

y#A
(3.9)
The inequality in is an equality if and only if for every z with p(z, A) > 0,
Q.(°r, < o0) = 1. This clearly holds if ¢ is recurrent or if item [2| in the
statement of the Proposition [3.2 holds. Conversely, if neither occurs, then there
exists z,z € S with p(z, A) > 0 such that Q,(°7, < o) < 1. O

As an application of Lemma (3.1} we have
Proposition 3.3. Let v be a QSD for p with absorption parameter X\. Then
1. Eylexp(A1s), T < TA] = Qu (T2 < 00).

I, (x)
o)
LG EQN ()] where, N(z) = 3222 6,(X,).

4. E lexp(AT,) T, To < Ta] = EQ 74, Te < 0.

2. E lexp(ATA), Ta < T2] =

3. E.lexp(Ata)] =

Note that under the assumptions of the proposition, g is recurrent if and
only if Elexp(Aer7z), 7w < Ta] = 1 for some x € S, and if this equality holds,
it is positive recurrent if and only if E,[exp(AeyTe)Ta, T < Ta] < oo for some
x € S with a stationary distribution 7(z) = —5* for

all x € S.

EC[r.]  Exzlexp(Ac Trzm,rx<m]

14



Proof. Forn € Z, x € S, let A,(n) be the set of paths x = (g, x1,- - , x,) with
xo = z. Also, let A, (n) C A, (n) the subset of paths satisfying 1, ..., z,_1 # x,
and finally, let A7 . (n) be the subset of A7 (n) consisting of paths satisfying
Ty = 2.

For the first assertion, using (3.5) and (3.6)), for 0 < i < n we have

E,lexp(ATz), 7o < TA] Z Z CMPw(X[o,n] = X)

n=0 XEAZ o (n)

= Y QX =%

n=0 XEAZ o (n)

= Q (1 < 00)
For the second assertion, consider z € S. Using (3.7)), we obtain
E[eXp(ATA TA<Tz :Z Z /\(n-H)P X[On]—x TA—TL-i-l)
n=0xeA; (n)

v(2)p(z, A)Q:(°Ts < o)

For the third assertion, using (3.7)) for z € S

E.[exp(Ata)] Z Z ”H)P (Xjon) =%, 7a =n+1)
n=0xecA;(n)

e/\
=3 S PP A =)

- v(2)p(z, A)Q.(°ry < 00)EQ[N ()]

15



To prove the last assertion, using (3.6)

Eg[rx,ﬂc < oo = Zn Z Qz(X[0,n) = %)

= Z ne)‘" Z P:c(X[O;n] = X)

n=1 X€Az 2(n)

E, 1 exp(ATz), 7o < TA]

Proposition [3.2] and Proposition give the following:

Corollary 3.1. Let v be a QSD with absorption parameter A. Then for all
xes

I,(z) er—1
E.lexp(ATA), 7a < 7] = Eilexp(ATa), Ta < Tu]

v(z) = (3.10)

The transition function ¢ may be useful in the study of convergence to a
specific QSD. Indeed, if v is a QSD with absorption parameter A and ¢ is
the transition function for the reverse process as defined in (3.5)), then for any
probability measure g on S and any y € S

Pu(Xo = y) = e w(y) BY (L (X)),
This implies
EZ[5(Xn)]
EZ[5(X0)]

Corollary 3.2. Suppose that p is a probability measure satisfying sup,cg & (y) <
o0o. Then, each of the conditions below implies

P,(Xn =ylta >n) =v(y) (3.11)

NSNS

lim P,(X, €-|7a>n)=vy).

n—oo
1. q is positive recurrent and aperiodic.

2. q is transient and limy_, ﬁ(y) exists and s strictly positive.

Of course, both parts of the corollary follow from (3.10). The first part
is a straightforward application of the ergodic theorem for positive recurrent
and aperiodic Markov chains, e.g., [29, Chapter 3], and the second is a trivial
application of the transience assumption.

16



3.3 Proof of Theorem 2.1

Uniqueness and necessity. Suppose first that v is a minimal QSD. We construct
the reverse chain corresponding to (3.5). Proposition 3 gives that for every

z € S, 00 = Eglexp(Ata)] = I;(%) EQ[N(z)]. The ratio on the righthand side

is finite due to (3.9), and so EQ[N(z)], the expected number of visits to = by
the reverse chain, is infinite. As a result, ¢ is recurrent. Proposition [3.2}1 then
gives I, (z) = e*er — 1, and then Proposition gives the representation
for v. This proves the uniqueness of a minimal QSD and also implies due
to Proposition [1.2

Existence and sufficiency. Suppose that holds. Then by Proposition [1.2}
E.lexp(AerTz), Tz < Ta] = 1, and therefore the measure u, from Proposition[3.1

E.lexp(AerTa A T2)]

-1
with A = A, satisfies (1.6). Since . (S) = 3 T , ke can be
e CcTr —

normalized to a probability measure we denote by fi,. Proposition [L.I] implies
that [, is a minimal QSD.

Convergence. Since ¢ is already recurrent, the additional assumption and
Proposition [I.2}4 give that ¢ is positive recurrent. And then, we apply the first
part of Corollary O

3.4 Proof of Proposition [2.1

The statement is trivial when |K| = 1. We will show that if |K| > 2, there
exists xg € K so that

Eolexp(Aerta A TK—{xo})] < 00, (3.12)

and so by iterating, we can eventually reduce to the case |K| = 1. We, therefore,
turn to prove (3.12)). For A < A, and x € S,

00 > E,[exp(ATa)] = Ep[exp(ATa A T )17 <rat | Ex (ri0) [€XP(ATA )]
+ B, [exp()\TA A\ TK)]'{TA<TK}]'

Let v, (A) denote the minimum of the lefthand side over € K, and let
T = Z,; € K be a minimizer. Then,

Um(A) 2 B, [exp(ATa A 7)1z <ray|vm (D),

and therefore E,  [exp(ATa A Tk )1ir<rpy) < 1. Let A 7 A. along any
sequence (A, : n € N). Then there is a subsequence, which we also denote by
(An :m € N) so that v, (\,) is constant. The Monotone Convergence Theorem
then yields that for some z,, € K,

Ea,, [exp(Acra A TK)]'{TK<TA}] <L

Note that this is a version of Proposition [I.2] but with the singleton replaced by
a finite set. Consider any shortest path from x,, to x € K — {x,,} which does

17



not return to x,,. Since each such path has a positive probability under P,
it follows that P, (74, = Tk, Tk < Ta) < Py, (Tk < 7a). With this, we have

m

Pm = Eo,, [exp(AerTa A Tr) 1z, —ranmict] < 1.

For A < A the strong Markov property gives

00 > By, [exp(ATa A Tk —{2,,1)] = PmEe,, [eXD(ATA A TK —{2,.})]
+ E:E7n [eXp(ATA A TK)]'{’sz STANTK }] .
Therefore

Emm [eXP(ATA A TK)l{sz STANTK }]

E,, [exp(Ata A TK—{xm})] <

1—pm
E,, lexp(AerTa A Ti)]

The result follows by applying the monotone convergence theorem on the left-
hand side. O

3.5 Proof of Theorem and Proposition

We begin by presenting a sufficient condition for A.. to be in the infinite MGF
regime.

Proposition 3.4. Suppose that K C S is nonempty and finite and that for
some A > Aep B
sup Elexp(Ata A Tx)] < o0. (3.13)

Then A¢r is in the infinite MGF regime.

Proof. We argue by contradiction assuming E,[exp(Ae7a)] < oo for all z € S.
For x € S, let T1(z) be a random variable whose distribution is the same as
7a A 7 under P, and let Ty be independent of Tj(x) and equal to the sum
of |K/|, independent random variables (T4 x : k € K) with T} ; are distributed
according to 7A under Py. Then the distribution of 7o under P, is stochastically
dominated by Ti(x) + T5. Therefore

E.lexp(AerTa)1rason] < Elexp(Aer (T1(z) + To)), Th(x) + To > 2n]
< Elexp(Aer (T1(2) + 12)) (11, () >n} + L{Tz>n})]
< Elexp(AerT2)| Ex[exp(Aer T (), T1 (z) > n]

+ Elexp(Ae, T1 ()] Exlexp(Aer T2), T > n]

(%),

with all expectations on the righthand side being finite. Let § = A — ... Then
on the event {73 (x) > n}

exp(Aer T () = exp(ATy (2)) exp(—6T} (x)) < exp(ATy(x))e o,

18



Therefore
Elexp(AeT1(2)), Th (z) > n] < Elexp(\T1(2))]e " < ¢1e7",
where ¢; < 0o is the supremum in . Then,
(%) < Elexp(AerTo)]e1e ™" + c1 E[exp(Aey T2), To > n).

This upper bound is independent of x and tends to 0 as n — co. Thus the
the distributions of e*er™ under P, as x ranges over S is uniformly integrable,
which is in contradiction to Proposition [2.4 O

Proof of Theorem[2.4 We first show that A is in the infinite MGF regime.
From we learn that A, < A. If an equality holds, then )., is in the infinite
MGF regime. Otherwise, A, < A, and the claim follows from Proposition

With this, Proposition guarantees that both conditions of Theorem [2.1
hold and therefore, there exists a unique minimal QSD v, given by . How-
ever, the assumptions yield more.

Let z € K beasin Proposition and define h(z) = h,(z) = Exlexp(AerT2), T2 <
Ta]. Proposition implies that h(z) = 1, and therefore Proposition gives

ph = e *h. (3.14)
We show that h is also bounded. Indeed, for every = € S,

h(z) < Exlexp(AerTi ), T < Al mez?((h(x) < 0.

Therefore, vh can be normalized to be a probability measure. Let h="h/(}, vh)
and let 7 = vh be a probability measure. Let p” be the kernel on S defined by

oHer
p(x,y) = %p(x,y)h(y)

Then (3.14) guarantees that p" is a transition function on S. Moreover,

h _
mph = e’\cruﬁph =vh=m,

and therefore p is positive recurrent and 7 is its stationary distribution. A
similar calculation shows that ¢ is positive recurrent, and therefore Proposition
3.3f4| guarantees that the condition holds.

To show that no other QSD exists, note that if v/ is a QSD with survival
parameter A < A, then

Y W)@ (wy) =Y v (@)p(w,y)hy),

and the sum is finite because v'h is a finite measure. Summing over z first
yields e=* > v/(y)h(y), while summing over y first yields e~ 3" v/ (z)h(z).
Therefore, A = A, and the claim follows.
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It remains to prove the convergence result. From the construction of p" we
have that for any initial distribution u,

P =yl 5 ) = Sees MODPL X = 9)/hy) _ 1P =)

Soes MRS hy) Eflpsy)

where [ is the probability measure and i(z) = (ph)(2)/ 32, (1h) ().
Next, from (3.14) we conclude that (e ™h(X,)l{;asn} @ n € Zy) is a
martingale. In particular, for every n € Z,

h(x) = Eplexp(AerTag A M) X7, An), Tz AT < TA].

As h is bounded, and so is the mapping © — Ey[exp(AerTag), Ty < Ta] (this
function is equal to 1 at xg because ¢ is recurrent, and is bounded by the
same argument leading to the boundedness of k), it follows from the monotone
convergence theorem that we can take n — co and obtain

h(z) = Eylexp(AerTag )s Tao < Talh(x0).

In particular, h(z) > Py(7z, < 7a)h(zo), and then the condition (2.8) implies
that for some constant ¢ > 0, depending only on ¢ and ng, h(x) > c¢P.(Ta > ng)

for all z € S. Equivalently, I(z) = Eﬁ[ﬁ] < ¢7!. Because this function is
ng

bounded, we can use the Markov property and the ergodic theorem for positive
recurrent aperiodic Markov chains to conclude that

Jdim Bplprs) = Jim Bil(Xnn,)] = > m(@)i(x).

x

By iterating the stationarity of 7, the righthand side is equal to ) | 7(x)/h(x) =
> . v(x)h(z)/h(x) = h(y)/h(y) (the righthand side is a constant independent of

y). The ergodic theorem also gives lim,, o P2 (X, =y) = 7(y). Therefore, the

limit as n — oo of the righthand side of (3.15]) is Wy))/h(y) = v(y), completing

the proof. O

Proof of Proposition[2.4 We omit the trivial case |S| =1 and assume |S| > 2.

Since S is finite and irreducible, automatically holds for every n and
xg € S.

Because any finite set of integrable RVs is uniformly integrable, Proposition
implies E,[exp(Acr7a)] = oo for some z € S (and therefore for all x € 5).
This gives .

Next, since S is irreducible, there exists yo € S different from x( such that
p(zo,y0) > 0. In particular 1 — p(xo, A) > p(x0,0) + p(zo,y0) > p(o, o).
The choice of z guarantees P,(ta > n) > (1 — p(xo,A))™ > (p(xo,z0) +
p(xo,90))". Since for any A < Aep, Doneg e Pp(ta > n) is finite, it follows
that e*er (p(wo, 20) + p(w0,y0)) < 1, and in particular, p(xg, z¢)e s < 1. More-
over,

P, (ta AN Tr > n) = p(x0,20)",
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and because p(o, To)e e < 1, the series Y oo e " P, (TA ATk > n) converges,
which gives E,,[exp(AerTa A T )] < 0o. Thus, (2.7) holds. O

4 Proof of the Results of Section 2.2.1]

Classically, Martin Boundary theory provides a compactification of the state
space of a transient Markov Chain through a set of positive harmonic functions.
These functions describe the tail of the chain: under the new topology, the chain
converges almost surely, with the limit viewed as where the process “exits” the
state space. The books by Woess [29] and by Kemeny, Snell, and Knapp [16]
are good sources for additional details on Martin boundary theory. In our work,
we borrow the ideas and first construct a similar compactification of the state
space, then apply analysis similar to the work by Sawyer [23].

Proposition 4.1. Let A\ > 0 be in the finite MGF regime. Let M* and p* be
as in Definition . Then (M*, p*) is a compact metric space.

Proof. Tt is enough to show that every sequence (x, : n € N) in this space has
a convergent subsequence. Indeed, either

1. Some elements in S or in * M appear infinitely often; or

2. Every element in S appears finitely often, and so does every element in
OMM . Here, at least one of the two alternatives holds:

(a) There exists a subsequence we also denote by (z,, : n € N) consisting
entirely of elements in S and satisfying lim,, . z, = 0.

(b) There exists a subsequenence we also denote by (z,, : n € N) consist-
ing entirely of elements in O M.

In case[l) we have a constant subsequence with an obvious limit. In case |2 we
proceed according to the subcases. The Case a) clearly has a A, co-convergent
subsequence with a limit in 9*M. To treat (b), for each n, let Z, be an
element in S satisfying p*(Z,,z,) < 27". Without loss of generality, we may
assume lim,,_, o Z,, = co. Clearly it has a convergent subsequence (%, : k € N)
with limit [x] in 9} M. By the triangle inequality, p*(z,, , [x]) — 0. O

Proof of Theorem[2.3, Let M* = {u : S — [0,00) : up < e *u}. For any
peM*andn €N
p=p— p(e’p)” + u(e*p)”.

The difference on the right is equal to pu(I —e*p)(I + (e*p) +-- -+ (e*p)™ 1)
and therefore increases pointwise as n — oo to

D (I = ep)) (@) G (w,y) =Y (I = €*p))(2) G (2, 1)Kz, ).

x x
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The second term decreases pointwise to a limit we denote by 1, which satisfies
foo (€MD) = poo. Thus, letting f,(z) = u(I — e*p)(z)G*(z,1) we have

Zf“ KMz, y) + poo(y), y € S.

zEN

We say that © € M? is a potential if it has a representation of the form

=" fu(@) KN z,y)

zeS

for some nonnegative f,, which is not identically zero. Thus, we proved that ev-
ery u € M? is a sum of a potential and a function p., satisfying ZyES Hoo(y) €
[0, x0].

The first sum is an integral with respect to a Borel measure on the compact
metric space S U O M:

no) = [ KNe)aRa)

Where F), is absolutely continuous with respect to the counting measure on
N. Since K*(z,1) =1 for every z € S, it follows that F, (1) = u(1).

Let € M. If pu(e*p)™ — 0, then poo = 0 and p is a potential. Conversely,
if u is a potential, then

(oo}
Z gu € p
t=0

a convergent series. For every n € N, (u(e*p)™)(y) = Y72, (9.(e*p)!)(y) which
decreases pointwise to 0 as n — 00, as it is the tail of a convergent series.
Next, let u,p’ € M>. Then (u A u')p < (up) A (0'p) < e (A p/) and so
A ' € M. Moreover, if 41/ is a potential, it follows that
(u A ) ()™ < ' (eXp)" — 0,

and so p A/ is a potential.
Next, let u be a QSD with absorption parameter A\. Let D,, = {1,...,n},
and let p1,, = uAK*(nlp,,-). Clearly, p, / p1, and ju,, is a potential. Therefore,

— )\x T
i) = [ KNa)dF (o)

for some Borel measure F,, on M* supported on N. Also, F,,(1) = p,(1) &
p(1) = 1. Without loss of generality we may assume F},(1) > 0, and therefore
normalize F,, to be a probability measure by letting F,, = F,,/F,, (1),

pn = F, (1) /SU(%M KXz,y)dF,(x).
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As Borel probability measures on a compact metric space, (F, : n € N)
contains a weakly convergent subsequence. Let F' denote the limit. Then we
have

n(y) = /SWM Kx,y)dF (z).

Since p and F are both probability measures,
1=p(1) = /K/\(l’, 1)dF(z) < F(M*) = 1.

mce z,1) <1forall z € , we have that
Si KMz, 1 1 f 11 M h h
F({z: K*z,1) < 1}) = 0.

Next, since

0= i (e p) = /S @) = ) )aF (),

and so,
F({z : (K (z,-)(I — e*p))(y) > 0 for some y € S}) = 0.

Since by definition for # € S, K*(z,-)(I — e*p))(x) > 0 it follows that

F({[x] € O’M : KM[x],) is a QSD}) =1.

5 Proof of the Results of Section 2.2.2]

5.1 Preliminary Results

We now present a number of results that culminate the proof of the Theorem
Suppose A > 0 in the finite MGF regime for Proposition Corollary 5.1]
and Proposition [5.2

Proposition 5.1. Fiz z € S. Then

1. For everyy € S,

(1 ) = (K = gl ).

E lexp(ATa An) — 1]
zlexp(Ata) — 1]

Pgae,)(Ta > n) = (1 = ) e nezy. (5.1)
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Proof. The first assertion is obtained by conditioning on the first step. As for
the second,

G2, 1) Pror(oy (Ta > 1) = DY Ea[Lscray exp(As)6, (Xo)|Py(Ta > n)

yeS s=0
=exp(—An)E, [Z exp(A(s + 1)1 {7 >s4n}]
s=0
= exp(—)\n) Z eXp()\S)Em[l{TA>S}]>
s=n

(ta—1)A(n—1)
= exp(—An) (G)‘(J:, 1) — B, Z exp(As)]

s=0

= exp(—An) (GA(],‘7 1) — E,lexp(ATa An) — 1])

er—1
The result now follows because G*(z,1) = E, [exp(Ata) — 1]/(e* — 1). O

Corollary 5.1. Let x = (z, : n € N) satisfy lim,, oo v, = 00. Then the
distribution of Ta under Py (g, .y converges to Geom(1 — e™) if and only if
limy, o0 Ey, [exp(ATA)] = 0.

Proof. Suppose lim,, o E,, [exp(ATa)] = oo, then from (5.1)), Pxx, (T >
t) — e~ for every t € Z,. Otherwise, by switching to a subsequence, we may
assume that lim,_, . F,, [exp(ATa)] exists and is finite. Denote this limit by ¢,

and note that ¢ > e* > 1. Since for every t € N, E,, [exp(ATa At)] —1>e* —1,
it follows that

E t) —1 A1
limint Zonl PR N =L 2L
n—soo  FEy [exp(Ata)] — 1 c
and so by (5.1)),
: -1y
limsup Pga(g, ) (Ta > 1) < (1 — ———)e™ ™.
n—00 " c
O
Proposition 5.2. 1. Let x = (z,, : m € N) be a A, co-convergent sequence.
Then lim,, oo K*(2p,) is a QSD if and only if (K*(x,,-) : n € N) is

tight.

2. Moreover, under the equivalent condition of part (1), lim, .. GM(x,,1) =
00.

Proof. We begin with the first assertion. Proposition lim,, oo T,, = 00 and
Fatou’s lemma give

(KA (x,)p)(y) < e KA (x,y).
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Clearly, if K*(x,-) is a QSD, then K*(x,1) = 1 which implies tightness.
Conversely, tightness implies K*(x,1) = 1, and the reverse inequality holds due
to the argument given in the proof of Corollary thus K*(x,-) is a QSD.

It remains to show that tightness is equivalent to the reverse inequality. If the
sequence is tight, then we obtain the reverse inequality repeating the argument
in the proof of Corollary with v, replaced by K*(x,,-). We omit details.
Conversely, if the reverse inequality holds, we turn to the second assertion. Use
Proposition and the tightness, we obtain

lim PK/\(xn7,)(TA >t) = PK/\(X7.)(TA >t), teZy.
n— oo

However, as K*(x, ) is a QSD with absorption parameter A, the righthand

side is e~**. The conclusion now follows from Corollary 0

We are ready to prove the theorem.

5.2 Proof of Theorem [2.4] and Corollary

Proof of Theorem[2.]] We prove the two assertions in the order of appear-
ance. Without loss of generality any sequence X = (x, : n € N) satisfying
lim,, o , = 00 has a A, oco-convergent subsequence. Pick any such subse-
quence, abusing notation, and denote it by x. Next,

1. This key argument appeared in [10]. By assumption and Proposition [5.1]

Egra, ylexp(N7a)] < Zek/tPKk(xn’,)(TA > t)

t=0
oo
< Z EEOVE
t=0
1
Tl N

We denote the quantity on the righthand side by ¢. Now pick € > 0 and
a finite K = K(e), such that E [exp(ATa)] > c¢/e for all z € K¢ The
lefthand side is clearly bounded below by K*(z,, K¢)c/e, and therefore
KMxn, K¢) < e. Therefore the sequence (K*(z,,-) : n € N) is tight.
Hence, Proposition guarantees that K*(x,-) is a QSD.

2. We will argue by contradiction utilizing the reverse process introduced in
Section [3:2] Assume that v is a QSD with absorption parameter A > 0.
Rewriting we obtain

v(z)E.lexp(Ata)] = I (2).

By assumption, the lefthand side is summable, and so is the righthand
side. Using the definition of I,,(x) (3.8]) we then have

S @) = Y v@n(= AN Q0 < o)),

zE€S
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The inner summation is the expectation of the number of states the path
of the reverse process visits, which is always infinite (regardless of whether
q is recurrent or - as in this case - transient), and since v is strictly positive
there exists at least one z € S with p(z, A) > 0, the contradiction follows.

O

Proof of Corollary[2.1 From Theorem [2.4] there exists a QSD with survival
parameter A for all A € (Ao, A¢r). What remains to be shown is then the existence
of a minimal QSD. To do that, suppose Ag < A, \¢ Acrr and let v, be a QSD
with absorption parameter \,, whose existence is guaranteed from the theorem.
Without loss of generality, we may assume that the sequence (v,(-) : n € N)
converges pointwise to some limit. Denote this limit by v. Fatou’s lemma gives

vp < e ey,

To prove the reverse inequality, it is sufficient to show that (v, : n € N) is tight.
Indeed, if the sequence is tight, then for any € > 0, there exists a finite set K
with v, (K) > 1 — € for all n and so

e u(y) = (mp)(y) = Y va(@)p(z,9) + Y val@)p(z,y).

rzeK reKe®

Denote the second sum on the righthand side by H(y) and observe that
H(y) > 0 and sums up to a number less than or equal to ¢ because p is sub-
stochastic. From bounded convergence we then have

e ety <vp-e,

and as € is arbitrary the result follows. The key to proving the tightness rests
on the fact that 7o ~ Geom(1 —e~*#) under P,,. As the probability of success
is increasing in n, for any fixed A € (Ag, \,), the sequence of MGFs, evaluated
at A, B, [exp(A1a)], is decreasing. Thus,

E, [exp(ATa)] > Ey, [exp(ATA)] > v (K€) Iignlgc E.lexp(A1a)]. (5.2)

Denote the lefthand side of (5.2]) by ¢. Pick ¢ > 0. Now use the definition of
Ao to pick a finite K = K(e) so that inf,cxe Ep[lexp(A7a)] > ¢/e. This gives
v (K€) < e, establishing tightness. O

5.3 Proof of Proposition and Corollary

We begin by observing the following simple statements regarding C*(z,y) de-
fined in Definition 2.3
First, by the FKG inequality [12]

Eilexp(ATa), 7y < Ta] > Erlexp(ATa)|Py(Ty < Ta),
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while on the other hand, E[exp(ATa), 7y < Ta] < E[exp(A7a)]. Therefore the
coefficient C*(z,y) satisfies

P,(ry <7a)

1
1- E,lexp(ATa)]

1
< C’\(x,y) < F I S—
E,lexp(ATa)]

(5.3)

Next,

et —1 E, [eXP()\Ty)va < 7a]
Egzlexp(ATA)] =1 1 — Eylexp(A7y), 7y < Ta]
N C*z,y) E,lexp(Aty), 7y < TA]
E.lexp(Ata), 7y < 7a] 1= Ey[exp(A7y), 7y < 7]
A
e 1
Eylexp(ATa)](1 — Eylexp(A1y), 7y < TA])
er—1

Eylexp(ATa), 7a < Ty]’

K)‘(x7y) =

=(e* =
(5.4)
= CNa,y)

= C’/\(z,y)

where the second line follows directly from the definition, and in the third we
canceled the expectation of e*™ on the event Ty < Ta starting from x from both
the numerator and the denominator.

Proof of Proposition[2.3 Recall the probability measure on S defined by ,
denoted by K*(x,-). Without loss of generality, we assume that (K*(z,,,-) : n €
N) converges pointwise to some limiting function K*(x,-). By either condition
on S, K*(x,-) is not identically zero, and by Fatou’s lemma K*(x,1) < 1. Next,
for every y € S, assumption ([2.11)) allows to apply the dominated convergence
theorem to conclude that

KA, )ply) = lim KMz, )p(y) = ¢ AKX (x,y).

This proves the first assertion. Consider now the second assertion. Let

A
v = ;((A((:,’i)). Then, v is a QSD. Moreover, since by assumption and (5.4)),

KNx,y) > yom e =1 and K*(x,1) < 1, it follows that

exp(ATA),TAa <Ty]

et —1
Eylexp(ATa), Ta < Ty)°

v(y) >

Yet Corollary gives the reverse inequality. Hence, v is given by the formula
in the statement of the theorem. The uniqueness follows from the corollary too.
Let 7 be a QSD, then Corollary [3.1] gives 7 < v, and since both are probability
distributions, the equality follows. O

Proof of Corollary[2.2 Fix0 < XA < A¢,. Clearly forevery x & A, E;[exp(ATa),Ta <
TA] = Eilexp(Ata)]. But E.lexp(Ata), 74 < 7a] < ZyeA Elexp(ATa), 7y <
7a], and therefore along any subsequence tending to infinity, there exists some

y such that C*(z,y) > ﬁ infinitely often, the result follows from Proposition

1). 0
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Proof of Corollary[2.3, Let (z, : n € N) € [x]. First assume K*([x],-) is
not identically zero. Pick y € S such that K*([x],y) > 0. Thus, gives
lim,, 00 C*(20,y) € (0,00).

For the converse, since by assumption lim,, o, C* (2, y) > 0, guaran-
tees that K*([x],y) > 0. In addition, Proposition gives

S 8 e pt) = (Ko - o). )

aD)
z€8 G (xn’l)

Since K*(-,) is nonnegative and bounded, the assumption (2.11)) allows to in-
voke dominated convergence to conclude that K*([x],-) = e"*K*([x], ). There-
fore, we proved that K*([x],-) is not identically zero, and satisfies (1.6)). O

6 Examples

In this section, we provide several simple applications of our results.

6.1 Downward Skip-Free Chains

Consider a chain on S = Z, and A = {—1}, with the property that for every
x €Zy,and l € {1,...,z + 1}, we have p(x,z — 1) > 0 if and ounly if I = 1.
We will further assume that the chain satisfies Assumption HD-{1, HD42] and
HD-3] Since by construction 7o > z, Corollary implies the existence of a
QSD for every absorption parameter A € (0, A.;]. Moreover, Proposition
(with o taken as the identity) and Corollary guarantee that for each A in
this range, there exists a unique QSD with absorption parameter A, vy, given
by the righthand side of . One notable case is of discrete time birth and
death chains on Z; U {—1} absorbed at —1.

6.2 Generalized Cyclic Transfer

This is a concrete example of a skip-free chain and probably the simplest closed-
form example. This process generalizes the cyclic transfer process from [15].

Assume S = Z, let ¢ € (0,1) and p be a probability distribution on S with
unbounded support (if 4 has finite support, all derivation in this section hold
verbatim with S = {0,1,...,max Supp(u)}). For z € S, consider the transition
function p on S U {A} illustrated in Figure [I| and given by

p(z,z—1)=1 reN
p(0,A) =¢q
p(0,2) = (1 —qu(z) wzeS

Let ¢, be the moment generating function for p:

<pu(/\) = Zﬂ(j)e)\j' (61)
=0
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(1 —q)u(z)

Figure 1: Cyclic Transfer

We will assume that ¢, (X) < oo for some A > 0. Thus, HD{1, HD-2| and
HD{3| hold. Let A € (0, A.;). Observe that

Eolexp(A\ta)] = e*q + e*(1 — ¢)¢,(N) Eo[exp(Aa)].

Therefore \
erq
EO[eXp(ATA)] = 1 — 6)‘(1 — q)SD ()\) : (62)
w

Hence, A, is the unique solution to
(1-getp.(V) = 1. (6.3)

This implies that A is in the infinite MGF regime.
Next, since the process is downward-skip free, we will apply equation ([3.10)
to obtain the unique QSD given by

et —1

E,lexp(Ata), 7a < 7]’

A(y) =

with absorption parameter A, for each A € (0, \..]. To obtain an explicit formula,
a similar calculation shows that for all y € Z

Eolexp(A\ta),7a < 7] = e*q + € Z (1 — q)u(5)eN Eglexp(Ata), Ta < 7],
0<j<y
and therefore
erq
1= (1= uli)ed

Eolexp(ATa), Ta < Ty] =

In addition,

E,lexp(ATA), Ta < Ty] = M E, [exp(ATA), Ta < Ty]

y—1
=M (erg + e Z(l — q)u(5)eM Eglexp(Ata), 7a < 7))
j=0
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So
e>‘(y+1)q

L— A 20 (1 = q)ulj)ed

Eylexp(ATa, TA < Ty] =

Thus,
1 _ . i
valy) = o M — (1= (1—q) Y p(f)erTh). (6.4)
0<j<y

In summary, A.- is given by (6.3]), is in the infinite MGF regime and for each
A € (0, Aer] there exists a unique QSD given by (6.4). Note that the existence
of all these QSDs is an immediate application of Corollary 2:1]

6.3 Absorption Probability Bounded from Below

Consider any process Y on S U {A} with transition function p¥ satisfying
Assumption HD{I, HD-{2| and HD{3] We will also assume that for any
A€ (0,AY), lim, s Erlexp(ATX)] = oco. Note that we have used the su-

’ cr

perscript Y to denote quantities associated with Y, as we now introduce the
process X.

Let J be a geometric random variable, independent of Y with probability of
success 1 — e~ ” for some p > 0. Define X as follows:

X, — Y, n<J
A otherwise

This is equivalent to defining p(x,y) = e ?p¥ (z,y) for z,y € S, and p(z, A) =
1- Z:yes p(z,y). Clearly,

Py(ta >n) = P(1X AJ >n) = Py(ta > n)P(J >n) = Py(ta > n)e ",

Now since for every random variable T which is nonnegative and taking integer
values we have

Elexp(A\T)] =1+ (e* — 1) i e P(T > n),

n=0

it follows that

E.lexp(Ata)] =1+ (e* = 1) Z eA=Pnp (7X > n)

n=0

(Bzlexp((A = p)7x)] = 1).

er—1

—1
T

Therefore this expression is bounded as a function of z if A < p, and is equal to
1+(e*—1)E,[7X] when A = p, and tends to infinity as  — co when A > p. Also,
Aer = AL+ p. Tt follows from Corollary that X has QSDs with absorption

parameter A for every A € (p,p+ AY ], and that it does not possess any QSDs
with absorption parameter A € (0, p).
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6.4 Subcritical Branching Process

Let X be a branching process with a nondegenerate offspring distribution B
on Z, (we will abuse notation and will refer to B as a random variable). As
usual [2, p. 3] and to avoid trivialities we will assume P(B = j) < 1 for all
j € Nand P(B < 1) < 1. The unique absorbing state is 0. We will also assume
that the process is subcritical, namely E[B] € (0,1), and let m = E[B]. A
straightforward calculation shows that for any = € N, E [e*™] < o if e* < L
and E,[e*2] = oo if e* > L. Therefore e’ = L equivalently A, = In %n
Though the restriction of X to the non-absorbing set N is not irreducible, we
can restrict the process to an infinite subset of N depending on the support of
B, resulting in an irreducible process.

Our results provide a quick way to prove the existence of a continuum of
QSDs. Indeed, for any A € (0, A.), Jensen’s inequality gives E,[exp(Ata)] >
er=1al - As B, [ra] is the expectation of the maximum of = independent copies
of 7a under the distribution Py, it immediately follows that lim, , E.[TA] =
0o, and therefore Corollary holds with Ay = 0. Namely, for every A €
(0, e =1n %] there exists a QSD with absorption parameter \.

Existence and convergence results for a minimal QSD for the subcritical
branching process are among the earliest in the field of QSDs. Let f be the
generating function of B. Yaglom’s theorem |2, Corollary 1, p. 18] states that
for x € N, P,(X,, € - | 7a > n) converges as n — oo to a probability distribution
on N which is the unique solution to the functional equation

B(f(s)) =mB(s)+ (1 —m) (6.5)

among all probability distributions on N. Being obtained as a quasi-limiting
distribution, this limit is also a QSD. A straightforward calculation of the gen-
erating function for a solution to with e=* = m reveals that it must satisfy
, and so a minimal QSD exists and is unique. Denote this QSD by v,;.

Asis well known, [2, Corollary 2, p. 45], the additional assumption E[BIn(1+
B)] < oo is equivalent to v, having finite expectation, namely Y .o, v, ()i <
00. As the identity function h(i) = ¢ on N satisfies ph = mh, a straightfor-
ward application of the definition of the reverse chain associated with v, ,
reveals that under this additional condition, v..h can be normalized to be a
stationary distribution for q. Hence, ¢ is positive recurrent and proves the exis-
tence of a minimal QSD. Proposition and the comment below it guarantee
that M. is in the infinite regime and that and hold. Moreover, if
we take S as the irreducible non-absorbing class mentioned above, then since
the P(B = 0) > 0, it follows that for every state x € N in the support of B,
p(z,z) > 0, which along the irreducibility on S, implies that X is aperiodic.
Thus, both the representation and the convergence results in Theorem hold,
and in particular, provides us with a new MCMC method for sampling
from the minimal QSD under this additional condition. We refer the reader to
[13], which discusses numerical methods for solving (6.5)).
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6.5 Rooted Tree

Consider an infinite rooted tree, with the root p, being the only state from which
absorption is possible. We will assume p is the nearest neighbor Markov Chain
on this tree with a unique absorption state A satisfying Assumption HD-I}
HD{2, HD-3] and condition 2.11] For example, we can assume the degree of
each vertex is bounded, and the transition from any vertex on the tree to any
neighboring vertex on the tree is strictly positive, and for vertices other than the
root, the transition to the unique vertex closer to the root is uniformly bounded
below by % + € for some € > 0.

Suppose A is in the finite regime (which may include A.,.), and take a sequence
of vertices (z,, : n € N) going to infinity along some unique branch. Recall
C*(z,y) from Definition Two alternatives are illustrated by the following
specific graph:

Figure 2: Regular tree of degree 3 with a unique absorption state A

1. For y in that branch, we clearly have lim,, C’\(xn, y) = 1. For instance,
y1 is on the branch in Figure

2. For other y, we need to consider two cases.

(a) y is not on the branch, yet it has ancestors on the branch other than
pr. One example is the vertex y, in Figure 2] In this case, let yo
denote the most recent ancestor of yo on the branch. For a path to
get to ys, it must pass through yg. With this,

By, [exp(A1y,), Ty, < Ta|Ey,lexp(ATy), 7y < Ta|Eylexp(ATa)]

A _
CMan,y) = E,, [exp(Ata)] — 1

By, [exp(A1y), Ty < Ta]Eylexp(A1a)]

<1
n—oo Ey, [exp(ATa)]
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(b) y has no ancestor on the branch other than p,, and so to get to y
from x,, with n large enough, we need to pass through the root where
absorption is possible. For instance, in Figure [2| ¥ has no ancestor
on the branch, and in order to go from z, to y}, we need to pass
through p,. Thus,

E,, lexp(A1p, )| E,, [exp(ATA), Ty < TA]
By, [exp(ATy, )| Ep, [exp(Ata)] — 1
E,, [exp(ATa), Ty < Ta]

W T B, fexp(Ara)]

CM(xn,y) =

<1

Therefore, by Proposition [2.3] for each branch, we have a QSD correspond-
ing to that branch.

Next, recall K*(x,,-) from Definition we will also show that in this finite
MGF regime, for every y, lim,, ., K*(z,,y) exists and is a QSD.

Let § be the unique element on the same branch as (x, : n € N) satisfying
|g] = |yl, i.e., the lengths of the shortest paths from p, are equal. Since we
are interested in the limit as n — oo, without loss of generality, we can assume
|zn| > |y| for all n. To reach y from x,,, the process must first hit §. Therefore,

Eg[exp()\ory),o Ty < T
1— Eylexp(A1y), 7y < 7a]

G)‘(xn,y) = E,, [exp(A7y)] x

n

Also,
G, 1) = By, [exp(A15)]G (3, 1).
This gives
A B 0.-\0
KA(:En,y) _ GMxn,y) _ Eglexp(A Ty?, Ty < TA] o 1 .
G*zn, 1) G*(y,1) 1 — Eylexp(A1y), 7y < 7]

(6.6)
As the limit trivially exists, by Corollary [2.3] it is a QSD. Therefore, there exist
QSDs with absorption parameter A\, and all such QSDs can be obtained through
Theorem [2.3] where the elements of S* can be indexed by the branches, and
are each given by the righthand side of , where y is any vertex and § is the
unique vertex on the branch satisfying |g| = |y|.

7 Results: Continuous-Time

7.1 Definitions and Assumptions

We adapt the main results of Section [2| to the continuous-time setting. This
adaptation is mostly straightforward and routine, and we present it primarily
in order to make a connection with the large body of literature in the continuous-
time setting.
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We begin by introducing the set of hypotheses. Let X = (X; : t € Ry)
be a Markov Chain on a state space which is a disjoint union S U {A}, where
S is either finite or countably infinite. We will denote the distribution and
expectation of X under the initial distribution u by P, and E,, respectively, with
P, and E, serving as shorthand for Ps_ and Ej_, respectively. For z € SU{A},
let

. :inf{t>O:Xt=x,Xt, #ZE} (71)

We will work under the following hypotheses, which are the analogs of the
assumptions made for the discrete-time setting:

HC-1. A < o0, P, —a.s. for some x € S.

HC-2. The set S is an irreducible class, and the exponential holding time at
each x € S has parameter ¢, € (0,00).

HC-3. There exists § > 0 such that E;[exp(8 a)] < oo for some (equivalently
all) x € S.

Clearly, A is the unique absorbing state, and therefore, we will refer to A
as the absorption time. Note that HC{3| guarantees that X is non-explosive.
This is mostly for the simplicity of the presentation, as the explosion can be
handled by the discretization scheme we use to derive the results below. We
briefly review the notion of a QSD in a continuous time setting and some basic
properties. Recall that a probability distribution v on S is a QSD if the following

analog of ([1.3]) holds.
PV(Xt S | A > t) = l/('), t e R+, (72)

If v is a QSD, then under P,, A is exponentially distributed with parameter
A > 0. That is, the following analog of (1.5)) holds:

P(a>t)=e? teRy, (7.3)

and we say that v is a QSD with absorption parameter .
We write (P; : t € Ry) for the semigroup of contractions on ¢1(.S) given by

WP)(y) = Y v(@)P:(X; = y), v € (S).

zeS

Assumption HC —{2] implies that the semigroup is weakly continuous from
the right at 0. Namely, for any v € (1(S) and f € £°°(S), limyo(vPy)f =
limgyo Y, cq V(@) Ee[f(Xe)] = D, cg u(x) f(x), and therefore, |21}, p. 255, Theo-
rem], |14, Chapter X, Corollary of Theorem 10.2.3], the semigroups is strongly
continuous, that is for any v € ¢1(S), lim; o vP; = v in £1(S). As a result, the
semigroup has a densely defined generator L:

vL = lim VP~ l/,
t10 t

(7.4)

where the limit is in ¢1(S). In particular, we have the following
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Proposition 7.1. A probability measure v on S is a QSD for X with absorption
parameter X > 0 if and only if v is in the domain of L and

vl = =M. (7.5)

Though the proof is straightforward, we bring it here for completeness.
Clearly, can be interpreted as a sequence of linear equations ([26, p. 691-
692] provides an example of a birth and death process and a probability measure
satisfying the sequence of equations but which is not a QSD. In the present con-
text, the latter statement means that the probability measure is not in the
domain of £).

Proof. Assume first that v is a QSD. Then (|7.2) can be rewritten as

vP; = Z(Z/Pt)(y)y.

Y

Thus, on the one hand, vPs = 3 (¥Pe+s)(y)v, while on the other hand, using
the semigroup property,

VPt+s = I/Ptps
= (VP (y)vPs
Y

=2 P Y (P ().

Y

As v is strictly positive, it follows that the function ¢ — >~ (vP¢)(y) is multi-
plicative. It is equal to 1 at zero and nonincreasing and tends to 0 as t — oo.
It is therefore of the form e~* for some A > 0. As a result, vP;, = e *Mv.
This implies that v is in the domain of £ and that holds. Conversely, if
v is in the domain of £ and satisfies 7 then |21} Section 2, Theorem 1.3]
gives that for any f € £>°(S), vP,f =vf + fot vLP, fds, that is the continuous
function ¢;(t) = vP.f on Ry satisfies ¢f(t) = ¢(0) — )\fg ¢¢(s)ds, and so
¢5(t) = e ps(0). Equivalently, vP; = v, which implies (7.2). O

Next we define the critical absorption parameter . analogously to (1.7)):
er = sup{A > 0: E [exp(A a)] < oo for some x € S}. (7.6)

Note that HCH3]implies that the exponential parameter of the holding time at
each state x, ¢, is strictly larger than g, and as a result, inf,cgq, > 3, so
er € (0,inf,es gz]. As before, we say that A > 0 is in the finite MGF regime
if E,lexp(A a)] < oo for some (equivalently all) = € S, and that ., is in the
infinite MGF regime if for some (equivalently all) z € S, E [exp( ¢ a)] = oo.
A QSD with absorption parameter ., is called the minimal QSD.
We record the following analog of Proposition [1.2] which we will need in
the sequel. As the proof is identical to the proof in the discrete case, it will be
omitted.
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Proposition 7.2. Let A € (0, ]. Then for every x € S, Eylexp(A1y), o <
A] < 1. Moreover,

1. If Elexp(A A)] < oo then the inequality is strict;

2. If E.[exp( or7a)] = 00 and E lexp( or A);, A < 2] < 00 for somex € S,
then E,[exp( o 2), « <7Ta] =1 forallz € 8S.

7.2 Discretizing Time

All results we present below use the embedded discrete-time processes we present
in this section. For d > 0, define a discrete-time Markov chain on S U {A},
X% = (X%:ne€Z,) by letting

X3 = Xan. (7.7)

For z € SU{A}, let
¢ =inf{n e N: X = z}.

Clearly, X is a Markov chain satisfying HD HD and HD Moreover,
if TZ = n, then on the one hand necessarily, X,,q = A, and so A < dn, and on
the other hand, X¢ , € S or, equivalently, Xn-1)ad € 8,80 A >d(n—1). We
therefore have that for every z € S and d > 0,

A<dri < A+d (7.8)
From this, it follows that
E.lexp(A A)] < Eplexp(Adrd)] < eME, [exp(A A)]. (7.9)

and in particular letting A%, denote the critical absorption parameter for X9,
then
M o=d .. (7.10)

The following allows connecting hitting times of states other than A for the
continuous and the discrete processes.

Proposition 7.3. Let xg € S and suppose that Ey [exp(A AN z,)] < 00. Then
there exists dg > 0 such that for d € (0,dy), Eq,[exp(Ad(T4 ATL))] < o0.

Proof. We begin by recalling that if X starts from z(, then the state where it
jumps to first and the time it takes to perform the jump are independent. This
can be done through the construction of the Markov chain. For simplicity, label
the states other than xg by 1,2,.... Let T1,T5, ... be independent exponential
random variables with respective parameters pq, p2,.... We assume ¢ = g, =
Zj p; < o0o. Let T' = infT}. Clearly, T' is exponential with parameter q. Also,
let R be the smallest (and unique, almost surely) index j satisfying 7' = Tj;.
Then, the chain will jump to state R at time T'. The joint distribution of R and
T is given by

P(R =751 > t) = P(Tj >, ﬂ,’#j{ﬂ > Tj}) = pj/ e PiSe™ iz Pisds = &eiqt.
t q
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Therefore, R and T are independent. In particular, P(R = j|T < d) = P(R =
= Li
i) =15

We turn to the main claim. Let } = ., and continue inductively, defining
a sequence ( ¥ :k=1,2,...) by letting

€T

MU =inf{t > * X, # 20, X¢ = 20}
Let J=inf{k > 1: fm < 00, X ks = T0, for all s € [0,d]}. In both definitions
above, we adopt the convention inf () = co. Note that J is the first visit to zg
after which the X stays put for at least d units, and recall that the distribution
of a Markov Chain right after a jump from a given state is independent of the
time it took to jump from the state. On the event J < oo, ig is finite, and on
J = oo, we define go = 00. We need a few more definitions. First, for M > 0,
let var(zo) = Egolexp(A( A a AM))].

Let S = Exu[exp(/\( 2o\ A))’ a < $0]+E$0[6Xp(/\ 2o\ A))’ zo < INOAS
1]. This expression is bounded above by E;, [exp(A( z, A a))] and is therefore
finite by assumption. We have the upper bound

vap () < S + Egy lexp(A( io AN A oz < a,d >1] (7.11)

We examine the second summand on the righthand side. Letting

Nd = EIo [exp()‘( zo N A))7 zo < A](l - equod)e)\d’

then the second summand on the righthand side of (7.11]) is bounded above by
Navp (zo). In addition, there exists dy such that for d < dp, 4 < 1. From these

bounds we conclude that vas(xg) < S + navar(xo), and since vps(zg) is finite
by construction, vas(zg) < ﬁ The righthand side is independent of M. By
letting M — oo, it follows from monotone convergence that

S
Eaolexp(A( 2, ATa))] < 17—

< 00.

As it is always true that dTg < A +d, on the event J = oo, we clearly have
d(td AN78) < J A a+d. On the event J < oo, the definition of J gives
drd < I +d,sod(rd ATA) < ] A a+dtoo. This completes the proof. [

o
Finally, we provide a connection between the QSDs for X and those for X¢.

Proposition 7.4. Let d > 0. The process X has a QSD with absorption param-
eter \ if and only if X% has a QSD with absorption parameter d\. Specifically,

1. Letv be a QSD for X with absorption parameter A\. Then v is a QSD for
X< with absorption parameter d\.

2. Conwversely, let v be a QSD for X with absorption parameter d\. Then

fod e*P,(Xs € - )ds can be normalized to be a QSD for X with absorption
parameter \.
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Proof. The first numbered assertion is trivial. As for the second, suppose that
v is a QSD for X? with absorption parameter Ad. For s € Ry and = € S, let
h(s,z) = e*P,(X; = x). Then

h(s+d,z) = e*e*P,(Xy1q = 2)
= eA‘geAdEZ,PXId (Xs =)

=eMP,(Xs = x) = h(s,z).

Note here that we pass from the second line to the third using the fact that v
is a QSD for X9, and so for any bounded f on SU{A} vanishing on A we have
ME,[f(X{)] = E,[f(X)]. Here we used f(u) = P,(Xs = ). We proved that
h is d-periodic in the first variable. Define v(z) = fod h(s,z)ds. Then v is a
finite measure on S. Also, fort € Ry and y € §

x

d
S o(e)PX =) = 3 [ APAX, = )Pu(Xi = )i
d

:e*M/ h(s+t,y)ds
0

e t+d

u=st e_/\t/ h(u,y)du
t

= e Mo (y).

Thus, by normalizing 7, we obtain a QSD with absorption parameter . O

7.3 Infinite MGF Regime
We begin with the analog of Theorem [2.1

Theorem 7.1. Suppose . is in the infinite MGF regime. Then

1. There exists a minimal QSD if and only if there exists x € S such that

E.lexp( or AN 2)] < 0. (7.12)
In this case, there exists a unique minimal QSD ., which is given by the
formula
cr 1
er(@) = G — or Bxlexp( o 1A A o)) —1 (713)
N qgv; er Bolexp( cr a)y a < o]
2. 1If, in addition to ,
E.lexp( er 2) oy = < A] <00 for somex € S, (7.14)
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then for any finitely supported p on S,
tlim P,Xee-| a>t)— (7.15)
—00

with = .

Proof of Theorem[7.1, We prove the assertions in this order: the sufficiency of
followed by its necessity, then the uniqueness of a minimal QSD, the
representation, and finally, the convergence.

Sufficiency. Suppose first that holds. Apply Proposition with
xg = x, and let d = dy/2, where dy is the positive constant obtained in the
proposition. Then X¢ satisfies the conditions of Theorem and as a result
possesses a unique minimal QSD, v.,., given by . Denote the minimal QSD
for X obtained from v,, through the application of Proposition [7.4}2 by .

Necessity. Suppose that is a minimal QSD for X. Let d > 0. Then from
Proposition 1, is a minimal QSD for X? and therefore holds for X¢.
Thus, E,lexp( d(72 A7d))] < co. But since . A A < d(t¢ A TY), it follows
that holds.

Uniqueness. Suppose that and ' are minimal QSDs for X. Then by
Proposition 17 both are also minimal for X¢, and by the uniqueness of a
minimal QSD for X<, it follows that = ’. We will, therefore, denote the
unique minimal QSD for X by ;.

Representation. As argued above, when it exists, . is the unique minimal
QSD for each of the processes X/™ for all integer m large enough. We will
denote all quantities associated with X!/ with the superscript % Write ,ugl/ "
for the measure defined in Proposition relative to the process X'/™ with
o Since ugl/mpl/m = e*’\gmu;/m, it follows from Proposition
and the uniqueness of the minimal QSD ., that

a=e /M =¢

SENA0N
pa! ™ (1)

(7.16)

We will utilize this and a Riemann sum approximation to obtain the represen-

tation . Define
I.(f) = E:L’[/O o exp( ers)f(Xs)ds].

Then, a Riemann sum approximation and the dominated convergence theorem
give
: 1 n/m
L(f)= lm B[ 3 e [(Xm)). (7.17)

0<n/m< AN o

Because X'/ is a snapshot of X at discrete intervals, T;/m >m ,. Also, letting
Ap = {Tv}/m <m 5+ 1}, we see that

Py(Ap) > e =/m - 1,

m—r 00
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On the event A,,, we can write the Riemann sum on the righthand of ([7.17)) as

S Y Ce e an ]

O§n<‘r;/m/\‘ri/m

1
m

where |C| is bounded by || f||c- Taking expectations, this is equal to %ui/m(f)Jr

O(1/m), and using (7.16]), this is also equal to %ugl/m(l) er(f) +O(L). Since
the expectation of the integral on the complement of A,, tends to zero as m —
oo, we conclude that

L(f) = Jim —p/™(1) o))

m—oo M
Use this with f =1, we have I,(1) = lim,;,— 00 %,ui/m(l), and so
1.(f)
cr(f) = :
I1.(1)

The first expression for the QSD follows from a direct calculation of the denom-
inator, and the second follows from Proposition [7.2}-2. O

Next, we consider an analog of Theorem For continuous-time processes,
Ferrari, Kesten, Martinez, and Picco showed the convergence based on a renewal
technique [10]. Martinez, San Martin, and Villemonais presented that the condi-
tional distribution of the process converges exponentially fast in total variation
norm to a unique QSD [19]. Convergence in total variation for processes satisfy-
ing strong mixing conditions was obtained using Fleming-Viot particle systems
[7]. More recently, Champagnat and Villemonais stated a general criterion for
uniform exponential convergence in total variation for absorbed Markov pro-
cesses conditioned to survive [5, Assumption A]. They also provide analogous
conditions involving Lyapunov functions, tailored to the situation where the
convergence is non-uniform [6]. Our work considers the time-reversal at the
quasi-stationarity of the absorbed Markov process, similar to the approach by
Tough [25]. In particular, both Theorem and Theorem were inspired by
and should be viewed as weaker versions of the main result in [19], but with
a focus on the representation of the QSD rather than convergence to it. We
provide more details on the difference in the statement of the theorem below.

Theorem 7.2. Suppose that there exists some > 0 and a nonempty finite
KCS

E.[exp( 7a)] = o0 and (7.18)
sup Eplexp( A A k)] < 00. (7.19)
€K

Then
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1. The conditions of Theorem [7.1] hold. In particular, there exists a unique
minimal QSD ., given by (7.13).

2. There are no other QQSDs.

8. (7.15) holds for every finitely supported pu on S.

If, in addition, there exists some xg € S such that

P,
inf 7x< wo < 7A)

2
P (as1 (7:20)

then (7.15) holds for any initial distribution .

The main result of [19] gives the existence, uniqueness, and exponential
convergence with an explicit bound on the total variation norm. The authors of
that paperwork work under the following set of assumptions. First, they assume
that S is countably infinite, A is a unique absorbing state, P,( A < 0o0) =1 for
all z € S, as well as the following:

H1. There exists a finite non-empty K C S and a constant ¢; > 0 such that
for all £ > 0,

inf Po.( A>t)<cysup Pu( a>1).
rzeK zeK

H2. There exists a finite K C .S and ¢ € K and constants g, c2,cs > 0 such
that sup,cg Fzlexp(Xo( Kk A A))] < ¢ and Py (X; € K) > czexp(—Aot)
for all t > 0.

H3. There exists g € K and a constant ¢4 > 0 such that inf,eg Pp(X; =
X0 | A > 1) > cyq.

In part, H1 and H3 allow us to extend the discussion to processes not satisfying
our irreducibility condition HC42] We will now show that when S is irreducible,
assumptions H2 and H3 imply all conditions of Theorem Indeed, H2 im-
plies (7.18) and . Since Py( », < A) > P.(Xy = zg), condition H3 im-
plies . The existence and uniqueness in [19] were established by obtaining
uniform exponential bounds expressed in terms of the constants in H1,H2 and
H3, yet no formula for the QSD was obtained and relies on mathematical appa-
ratus specifically developed to prove convergence. The focus of this work is on
existence and representation, and our convergence result is obtained through an
application of the ergodic positive recurrent and aperiodic discrete-time Markov
chains, which is applicable to the reverse chain from Section [3.2

Proof of Theorem[7.4 Let m € N and let d = 1/m. The transition function
p? is automatically irreducible. Moreover, and (7.19), yield the analo-
gous statements for X¢. Therefore X? satisfies the first set of assumptions of
Theorem 221 This leads to the first two numbered conclusions and the claimed
convergence along the subsequence t, = nd,n € Z,. As (7.20) implies the
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analogous condition for X?, the final conclusion also holds along this sub-
sequence. Note that this is valid for all positive d and that the unique QSD is
independent of the choice of d.

It remains to prove the convergences along all sequences. Recall that d =
1/m, m € N. For every t, let [t],, = [tm], the corresponding “time” for the
process X1/™. Observe that for every t > 0

Py(Xy™ = y)e /™ < Pu(X; = y).

Or,
PuXy=1y) > e W/mP (XY™ =y) ~ ()Pt ™ > [tm)-

[t]m t—o0

If 7o > %[t]m, because Ti/m >m a and [t],, < tm, it follows that {Ti/m >

[t]m} 2 {m A >tm}. As a result,

lminf P, (X =yl 4 >1) = (y)e /™.

Let v, = P,(Xy € - | A > t). Since m is arbitrary, liminf, .o 14 (y) > v(y).
Fatuo’s lemma gives that for any A C S, liminf; o v4(A) = liminfy o0 > o4 ve(2) >
v(A). Apply this to A° to obtain

v(A°) < liminf vi(x) =1 — limsup Z vi(x).

t—o0
TEA®C t=o0 ca

Thus also limsup,_,  :(A) < v(A), completing the proof. O

7.4 Finite MGF Regime
We begin with the analog of Theorem [2:4]
Theorem 7.3. Let A > 0 be in the finite MGF regime. Then

1. If for some N € (0,X), lim,_, oo Exlexp( ' A)] = oo then there exists a
QSD for X with absorption parameter \'.

2. If sup,, Eylexp(A A)] < oo, then there does not exist a QSD for X with
absorption parameter \.

Proof. Fix some d > 0. We prove the two assertions in order of appearance:

1. Let 0 < A < A satisfies limg oo Ez[exp(N A)] = oo. The first inequality
in gives lim, o By [exp(Ndrd)] = oo for the discrete process X?. By
Theoreml, we conclude that X% has a QSD with absorption parameter
Ad, hence Proposition [7.4]implies X has a QSD with absorption parameter
A

2. Givensup, E [exp(A a)] < o0, the second inequality in gives sup, E,[exp(Adrd)] <
oo for the discrete process X9¢. From Theorem 2, we conclude that X?
does not have a QSD with absorption parameter A\d. Thus, from Proposi-
tion we obtain that X has no QSD with absorption parameter .
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We also have the following analog of Corollary
Corollary 7.1. Let

o =1inf{A € (0, o): ILm E.lexp(A A)] = oo},

with the convention inf ) = co. Then for every A € ( g, o there exists a QSD
with absorption parameter .

A special case is the main result of |[10]. There, the authors proved the
existence of a QSD under the assumption that for all £ > 0,

lim P,( A <t)—0.

r—0o0
This assumption implies lim, o E;[exp(N a)] = oo for every X > 0, and
therefore the corollary yields the existence of a QSD for every absorption pa-
rameter in the interval (0, ...

Proof. For some ' > 0, lim, o, E;[exp(Nd7rd)] = oo and Corollary guar-
antees that X¢ has a QSD with absorption parameter in (\'d, ..d]. The result
follows from Proposition [7.4] O

7.5 Martin Boundary

In this section, we provide a continuous-time version of Theorem As in the
previous sections, we adapt the results from the discrete setting.

Assume that A > 0 is in the finite MGF regime. Fix any d > 0. Then the
process X% induces a Martin compactification, Definition As in the defini-
tion, we write K9, 9% M and (M, p®) for the corresponding Martin kernels,
boundary and metric space. We also write S* for the elements in 94* M, which
are QSDs for the transition function for X? with absorption parameter d\.

We need some preparations. First, we introduce the analogs of the kernels
K (-,-). For z € S, define the kernel

KNz, y) = o @ PolXu =p)ds
Jo €*Py( a>s)ds

(7.21)

Note that by our assumption that A is in the finite MGF regime, both integrals
are finite and nonzero. We make a connection with the kernels K4 (-, ).

Lemma 7.1.

d S
fo e Pear(z,.)(Xs = y)ds

fod e)\SPKdA(m’.)( A > s)ds

Kk(xuy) =
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Proof. The numerator in ([7.21)) can be rewritten as

m

oo d o d
Z ed)\m/ eAst(de+s =y)ds = Z edAm/ e)\sE:c [Pxa (Xs = y)]ds
0 0

m=0 m=0

0 d
= Z Zed)‘me(Xgl = z)/ e P, (X, = y)ds

m=0 =z 0

d
= ZGd’\(x,z)/ e P, (X, = y)ds
. 0
d
= Gd)‘(x, 1)‘/0 eASPKdA(I7.)(XS == y)ds

and similarly, the denominator is equal to G4 (z, 1) fod e Prear(z,y( a > s)ds.
U
Proposition 7.5. Let [x] € S¥. Then

1. For every sequence (x,, : n € N) of elments in S which is in [x],

dersp X, = y)d
lim KA (2, y) = Jo & P00 Ks = y)ds

7 , yES.
oo fO eAsPKd,A([X]’.)( A > S)ds

Denote this limit by KM ([x],-).
2.y — KM[x],-) is a QSD for X with absorption parameter \.

Proof. The first statement follows from applying the dominated convergence
theorem to the identity in Lemma Since K ([x],-) is a QSD for X¢ with
absorption parameter d), the second statement follows from Proposition [7.4}2

and the fact that K*([x],-) is a probability measure on S. O
We are ready to state the analog of Theorem [2.3

Theorem 7.4. Let A > 0 be in the finite MGF regime for X. Let v be a QSD
for X with absorption parameter X. Then, there exists a probability measure F,
on O M satisfying F,,(S%¥) = 1 such that

ww=/kVMwMEﬂﬂ)

Proof. By Proposition 17 v is a QSD for Xdiwith absorption parameter d\.
Theorem m then gives a probability measure F, with F,(S%) = 1, satisfying

o) = [ KO () dF ().
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Since v is a QSD for X with absorption paramter )\, for every s > 0, e**P, (X, =
y) = v(y) and so v(y) = fod e P,(Xs = y)ds. An application of Fubini-Tonelli

then gives
1 4 _
) = [ (4 [P0 = s ) ab )
0

d S
_ /KA([X],y)fO e Pde([j_’.)( A > S)dSFU([X])

_ /K’\([x},y)dﬁu([x])v

where F), is a measure absoultely continous with respect to F,,, given by jg"

d X
Jo €™ Praxg

(Ix]) =

1008799 A and each K*([x], -) are probability measures, it fol-

td

>R

lows that F}, is a probability measure too. O

7.6 Example: QSDs for Birth and Death Process

In [26], Van-Doorn obtained all QSDs for birth and death processes on Z ., which
are eventually absorbed at —1. This was done through a very detailed analysis
of a spectral representation for the transition kernel of the process. Our work
allows us to recover some of the main results using the general theory developed
in earlier sections. We stress that the work in [26] contains many additional
results, which we will not cover here, specifically regarding convergence.

In this section, we will drop HC-1,2,3 to allow a more complete discussion
consistent with the literature. We assume that X is a birth and death process
on Z; U {—1}, with birth and death rates (A : k € Z1) and (ux : k € Z4)
respectively, which are all in (0,00), and with —1 as a unique absorbing state.
Letting

n

A
7r0=1,7rn=H j'l, n €N,
=1 M

then

=1
— 22
2 (72

which is equivalent to A < oo a.s. from any initial distribution on Z, [1,
Chapter 8]. We will assume that holds. This also implies that the process
does not explode. Thus, HC-1,2 automatically hold. Next, we introduce an
array of random variables that are crucial for the analysis. Let z € Z, and
y € Z, U{—1} satisfying < y let T, , be a random variable whose distribution
is the same as 7, under P,. For each y, Ty X Tpy1y = -+ and Ty yy1 2Ty,
where for two random variables X and Y, X <Y means that X is stochastically
dominated by Y. Therefore, without loss of generality, we may assume all these
RVs are realized in one probability space with the stochastic domination <
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replaced by a pointwise inequality <. With this, let Sy = lim; o Ty and let
S =supSy = S_1. This RV represents the passage time from +o00 to A = —1,
and

o0 1 o0
ElS]=) 5 >
n=1"""" j=n41

see [1, Chapter 8]. In order to apply our results, we need the following lemma.

Lemma 7.2. 1. Suppose E[S] < co. Then:

(a) o € (0,00).
(b) Eilexp(A aA)] < oo if and only if Elexp(AS)] < oo if and only if
A< o

(c) Eglexp( er AN &)] < 00.

2. Suppose E[S] = oco. Then o = 0 or o > 0. In the latter case,
11ml—)00 E.L [eXP(/\ A)] =0 fOT all A < -

Proof. Suppose E[S] < co. Lety € Z,U{~1}, and define h,(t) = sup,~, Pu( 4, >
t) = P(Sy > t). Thus, hy(t) < E[Sy]/t. Since hy(t + s) < hy(t)hy(s), it follows
In hy (t) In hy (t)

7 = infyn o —%= = —c,. Thus, for

from Fekete’s lemma that lim; oo 7

every t > 0

20 < In(E[S, /) /1. (7.23)

And by choosing t > E[S,], the righthand side of is strictly negative,
which guarantees ¢, > 0. Since Sy = Z;o:y Tyt1,z, it follows from dominated
convergence that E[S,] — 0 as y — oo, using this in shows that ¢, — oo
as y — 00. Also, ¢, < oo because Sy stochastically dominates 731, which is
Geom(Ay41 + fty+1). From the definition of ¢, Elexp(AS,)] < oo if A < ¢, and
=00 if A > ¢,. Also § = S_; is the independent sum of S, and T} _;. Thus
for any A > 0,
Elexp(AS)] = Elexp(ASy)|Eylexp(A a)].

If the lefthand side is finite, then both terms on the right-hand side are finite. If
the lefthand side is infinite, by choosing y such that ¢, > A, the first term on the
right-hand side is finite, and therefore the second term on the right-hand side
is infinite. This also shows that .. = c_y. Finally, if Elexp( ..S)] < oo, the
family of RVs (T}, 1 : y € Z) is uniformly integrable. This violates Proposition
whose proof is valid in the continuous time setting with only the change
of notation. Since inf, P,( , < a) >0, Ezlexp( ¢ A A &)] < 00 as a result
of Proposition [2.5, which is also valid in the present setting with the obvious

adaptations.
Next, consider the case E[S] = co. If .. > 0, mononote convergence gives
that for any A € (0, o), limy 00 Ex[exp(A a)] = Elexp(AS)] = cc. O

With the lemma, we can prove the following characterization and descrip-
tion of QSDs for Birth and Death processes. This result is equivalent to [26,
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Theorem 3.2, which was the first to characterize and describe all QSDs for
Birth and Death processes through spectral analysis of the transition kernels
and corresponding orthogonal polynomials.

Theorem 7.5 (Theorem 3.2, [26]). 1. Suppose E[S] < oo. Then o > 0,
and there exists a unique QSD, which is also minimal.

2. Suppose that E[S] = oco. Then either . = 0 and there are no QSDs
or o > 0 and for every A € (0, .| there exists a QSD with absorption
parameter \.

3. When exists, a QSD with absorption parameter A > 0 is unique and given
by the formula

A 1
= , y € S. 7.24
) gy — A Ey[eXPO\ A), A< y] Y ( )

We comment that letting y = 0 in ([7.24]), a straighforward calculation revelas

that
A

(this can be independently obtained from [26] equation (3.4)]). Thus, a nec-
essary condition for the existence of a QSD with absorption parameter \ is
A < pg. As va(—1) =0, these two initial values can be used to solve the system
of difference equations resulting from .

We also comment that the argument leading to is valid for any chain
which is downward skip-free and that a simple calculation shows that when
E[S] < 0o and A € (0, .,), the pointwise limit of (K*(n,-) : n € N) along any
convergent subsequence can be normalized to be a probability measure on S
which satisfies the system of difference equations resulting from but is not
a QSD.

Proof. 1f E[S] < o0, Lemmal guarantees that the conditions of Theorem|7.1
hold. This yields the existence and uniqueness of a minimal QSD. For A < .,
sup, Ey[exp(A a)] < Elexp(AS)] < oo and therefore Theorem [7.3}2 shows that
no other QSDs exist.

If E[S] = oo and ., > 0, Lemmal[7.2}2 and Corollary|[7.1] give the existence of
QSDs for each of the absorption parameters in the range (0, ..]. The remaining
case is E[S] = co and . = 0. In this case, no QSDs exist, as this will lead to
a violation of for each of the discretized processes.

It remains to establish the representation formula. The formula holds in the
infinite MGF regime due to . Suppose that v is a QSD with absorption
parameter A in the finite MGF regime, then Theorem [7.4]implies that it is in the
convex hull of K*([x], -) where [x] ranges over S9*. In particular, the latter is not
empty. We will show that for any sequence (z,, : n € N) satisfying lim,,—, o &, =
00, KA (,,,+) converges pointwise to a limit independent of the sequence, given
by the formula in the statement of the theorem. As by assumption S is not
empty, this guarantees that S has a unique element equal to that limit.
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Indeed,
By, lexp(A y)]x(y)

E,, fo 2 ersds]

K)\(:En, y) =

where Iy (y) = [* €**P,(X; = y)ds. The denominator is equal to 5 (E,, [exp(A a)] —

Lemma HQ gives that lim,, o E,, [exp(A A)] = co. By the Strong Markov
property, E,, [exp(A aA)] = Ey, [exp(A )] Eylexp(A a)], and therefore the de-
nominator is asymptotically equivalent to E,, [exp(A 4)]A\ "' Eylexp(A a)], re-
sulting in

. AMi(y)

lim KMz,,y) = =t

N AT
We evaluate I (y). Let J = inf{t € Ry : X; # X;_}, the time of the first jump.
Under P, J ~ Exp(qy). Breaking the integral in the definition of I)(y) we have

J
A@:%% Ads] + Bylexp(A ), 5 < alla(y),

and so
E lexp(AJ)] —1

IA(y) = /\(1 _Ey[exp()\ y)a y < A]),

which in turn gives

e B, lexp(0)] -
K ) = B et M = Bylon( ), 3 < a)
A 1

qQy — AEy[eXP()‘ A), A< y]
O

8 Analysis of Minimal QSDs for a One-Parameter
Family

8.1 Main Results

In this section, we study in detail the minimal QSDs for one-parameter family
processes, all of which are special cases of the rooted tree of Section[6.5] We show
that for some values of the parameter, A, is in the infinite MGF regime, and
for others, it is in the finite MGF regime. Moreover, when the latter alternative
holds, the minimal QSDs form a two-dimensional convex cone (Proposition,
and although the chain is aperiodic, the limiting conditional probabilities exhibit
periodicity (Theorem [8.1)).

The model is essentially two birth and death chains glued at zero. Fix
q € (%, 1), let 6 € (0,¢], and set r = ¢ — &. Consider the Markov chain X =
(X, :n € Zy) on ZU{A} with transitions as in Figure[3] Let ., be the critical
absorption parameter for X, for x € ZU{A} define 7, = inf{n € Z : X,, = x}
and write P, for the probability of X.
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Figure 3: Transition Probabilities Diagram

We first examine the dependence of the critical absorption parameter A.. on
6. To do that, let Ay denote the critical absorption parameter for the system
restricted to Z (or equivalently —Z) and absorbed when hitting 0.

Proposition 8.1. 1. exp(—Xg) = 2+/¢(1 — q)
2. Let 6cr = \/q(\/7— V1 —q). Then

_5 a(1—q) 5 0,0
eXp(_)\cr) = {q T q—o € ( »oe )

eXp(_)\O) 4] S [5craQ] .
Moreover,
de (0,0¢r) | {0er} [ (6er, d]
)\cr < )\0 = Ao (81)
Eplexp(Aer7a)] =00 \ < o0

In particular, A, is in the finite or infinite MGF regime according to the
value of 4.

We now present the results on the minimal QSDs according to the value of §.
Proposition 8.2. Let § < §... Then

1. Aer i in the infinite MGF regime and condition (2.1)) holds. In particular,
X has a unique minimal QSD given by

erer — 1

E.lexp(AerTa), Ta < Ta)

Vcr('r) - , T € Z.

2. Condition (2.3) holds if and only if 6 < d¢p.

Next, we discuss the case & > ... It follows from Corollary that for
every A € (0, Ao], there exists a QSD with absorption parameter A. For real y,
we adopt the convention y; = max(y,0), y— = (—y)+ = max(—y,0). Let

1—g¢q
p=4/——€(0,1).
. (0,1)
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e er g =10.95

Figure 4: absorption parameter dependence on § when ¢ = 0.95

With this,
Oer = q—4qp.

Since r 4+ 0 = ¢, we have that r < ¢ — d. = gp = \/q(1 — q). As a result, in the
6 > d., regime, we have

r=av/q(1l — q), for some « € [0,1),
d=q—ayq(l—q)=q(l—ap).

Proposition 8.3. Let § > 6... Then the set of minimal QSDs S» is a two-
dimensional convex cone spanned by {uio, Mi“}, where

() = S i {1 =0

20 =T Li(l-aye yez—{op &P

Define the minimal QSD po,
1 (1—p)? 1 y=0
Ao _ Ao Ao _ [yl
po(y) = 5y +p20)(y) = ———p¥' x
2 1 - pa 1+1(1-a)lyl yezZ-{0}.
We have the following result
Theorem 8.1. Suppose 6 > d... For x,y € Z, define
(1 —o)lz|

T (-l (8:3)
k(z) = sgn(z)h(x)

h(z)

Then
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1. lim Pp(Xon = ylra > 2n) = 4™ (y) + loz(y — 2)s(e) ———F——
n—oo
A A
e W) — p2 )
5 .
In other words, the conditional probabilities along each of the subsequences
of even times and odd times converge to explicitly identifiable limits. On each
such sequence, the limit is not a QSD, with one notable exception, x = 0, where
the limit is p*°. When = # 0, the restriction of the limit to even integers and

the restriction to the odd integers are each given by convex combinations of the
QSDs in Proposition one of which is p?o.

2. nh_)n;o P.(Xont1 = y|ta > 2n+1) = ﬂ/\o (y)+ 1ozt (y—2)k(z

8.2 Proof of Proposition [8.1

Let Y = (Y,, : n € Z;) be the Birth and Death process with transitions as in
Figure [f] Clearly, this transition function satisfies Assumption HD-I, HD{2|
and HD{3l

1—gq 1—gq 1-gq 1—gq
i N N
A 0 1 2 3 4 >
Y\_/ < x_ x_
) q q q

Figure 5: The Birth & Death Process Y

For y € Z, U{A}, let 7" = inf{n € N : ¥;, = y}. We also need the induced
process YO, defined as follows:

0 _
Yn - Ynl{‘r&’>n}'

That is, Y° is Y, absorbed at 0. Note that the distribution of Y starting
from z coincides with the distribution of |X| starting from = € Z,, and that
the distribution of Y° starting from = € N coincides with the distribution of
|X]| 4 1 with & = 0 (hence § = q), starting from x + 1. Thus, we can reduce the
discussion to the auxiliary birth and death process from Figure

Proof of Proposition[8. Starting from = > 1, Y must pass through 0 in order
to get to A. Therefore for all values of §, Ao < Ap.

Step 1: Calculation of \g. Define f(z) = f(z,)\) = Eylexp(Am0)],z € N,
and condition on the first step from z and spatial homogeneity of the process
to obtain

f() =erg+ (1—q)f(2)] and
= Mg+ (1—g)f*(1)]
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Hence we have a quadratic equation for f(1) = f:
Ml—-q)f* = f+eq=0
The quadratic formula gives

fra(l) = LEVIE— 42 = a)g (8.4)

2eM(1—q)

A\ 1

" 2/(1-q)q
Also, since in this region, the function A — f(1,)\) is increasing, we have

FLA) = 1—+/1—4e**(1—gq)

271 — q) 7 With this, we conclude that

o 1 B g
et = m, Eilexp(Ao7o)] = f(1,0) = - < 00. (8.5)

Step 2. Calculation of \... Similar first-step analysis applied to v = v(\) =
Eylexp(ATa)] gives

Suppose A < A... Then since f(1) is real-valued, we must have e

v=ed+rv+ (1—q)fr],
where here f = f(1,A). That is,

v[(1—eMg—6+(1—q)f)] =eo.

Hence

B e
1—erMg—d+(1-q)f)

Using the fact that u is non-decreasing as a function of A, u is finite if and only

if e*(q — &6+ (1 — q)f) < 1. This implies

ey (8.6)

Aer =sup{A>0:eMg—d+(1—¢q)f) <1} (8.7)

(here we take sup @ = 0). Since we already know that A, < Ag, this supremum
is finite, and we only need to consider A < A\g. The supremum is clearly non-
decreasing in §. We examine the two extreme values for d:

e When § = 0, e*(g+(1—¢q)f) > 1 for all A > 0 and therefore the supremum
is zero.

e For 6 =q, e*(0+ (1 —q)f(1,)\)) = % < 1, and so Ao = Ag.
From (8.7)), Aer = Ao if and only if
er(q - 6+ (1 - Q)f(17AO)) S 1a

or equivalently,

§>q+(1—q)f(1,A)—e ™ =qg— a1l —q) = alv/a—/1—q) =6
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By 7 u(Ag) = 0o when ¢ = d, and u(Ag) < oo when § > d,.
It remains to find A, when § < 6.,. Because § < ., we have e*° [q—d6+
(1 =¢)f(Ao)] > 1, and therefore \., is the unique solution in (0, Ag) to

Mg—d+(1—q)f(N] =1,

. —v/1—4e — .
and from (8.7)), u(A.r) = co. Since f = Ioyi-ae (=g ) equation to be

2er(1—q)
solved becomes

1—+/1—4e?*(1—q)q
A
-0 =1 8.8
g5+ - ) (5.8)
After simplifying (8.8), we obtain the expression in the statement of the propo-
sition, completing the proof. O

8.3 Proof of Proposition

Proof of Proposition[8-4 Inthe case § < 8, Proposition gives Fglexp(AerTa)] =
oo. We examine
E.lexp(Aerma), Ta < Tzl

The key is to show
Eplexp(AerTa), Ta < o] < 00. (8.9)

We consider two cases:

1. § < d.p. In this case, A < Mg, by Definition we have

Eplexp(AerTa), Ta < Tp] < 00

2. 0 = .. In this case .. = Ag, condition on the first step from x = 0 and
spatial homogeneity of the process yields

Eplexp(AerTa), Ta < 9] = deter < 0.

Therefore, by and the irreducibility we conclude for z € S,
E,lexp(AerTa ), Ta < Tz] < 00,

which satisfies the necessary and sufficient condition in Theorem [2.I] and hence
we obtain a unique minimal QSD given by ({2.2)).

Next, for A < Ao, we define u(\) = Eplexp(A70),70 < 7a]. Conditioning on
the first step

u(N) = (g = 0)e* + (1 = g)e* f(N),
where f(A\) = Eilexp(A19),70 < 7a]. The proof of Proposition gives f(A)
(see the discussion below (8.4))), and so

1—+/1—4q(1—q)e**

u(\) = (¢ — 6)e + 5

We have two cases:
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1. 6 < 6cr. In this case, Ao < Ag, the left derivative of u(\) at A.,. is finite,
and therefore Ey[exp(Aer70)T0, 70 < Ta] < 00.

2. § = d.r. In this case, Ao = Ag, the left derivative of u(A) at Ag is infinite,
and therefore Ey[exp(Ao70)70, 70 < Ta] = 0.

Hence, by Proposition [[.2}2, Propostion [3.3] and the irreducibility we conclude
for x € S,
E.lexp(AerTe)Ta, Te < Ta] < 00

if and only if § < d.,-, completing the proof. O

8.4 Proof of Proposition [8.3

Throughout this section, we assume § > d.,-, a case in which the critical absorp-
tion parameter for all of the three processes X, Y and YO is the same and is
equal to Ag. Moreover, )\ is in the finite MGF regime for all three processes by
Proposition [8.1}

Lemma 8.1. 1. Y° has a unique minimal QSD 1o

O given by
v 0(y) = (1= p)*yp?~", y €N

2. Y has a unique minimal QSD v given by

o) = S0 (-, yez
1—pa ’ *

Because ) is in the finite MGF regime and both Y and Y satisfy condition
it follows from Proposition [2.3}2, that each has unique minimal QSD, and
so the identities above can be verified by direct computation. Alternatively, a
proof of the first can be found in |20, Proposition 6] or |18, Theorem 5.1], and
a proof of the second can be found in [24].

Proof of Proposition[8.3 Suppose v is a minimal QSD for X. Define

ale) = Jr@) Tr(=y) y#0
(y) {V(O) y=0

Bly) = v(y) —v(-y).

A straightforward verification whose details are omitted reveals that the restric-
tion of o to Z, satisfies the system of equations for the transition function
for Y with A = Ag. The set of solutions to this equation is one dimensional
(the equation for j = 0 shows that v(0) uniquely determines v(1), and these
two determine v/(j) for all j = 1,...), and as v is a strictly positive solution
to the equations, we have that for some ¢ > 0

aly) = a™(lyl), y € Z.
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Summing over y € Z, the righthand side gives ¢, and the lefthand side gives 1.
Therefore ¢ = 1. An identical argument leads to the conclusion that there exists
some constant ¢ such that the restriction of 3 to N is cv*%, and as a result

Bly) = c-sgn(y)v**(lyl), y € Z.

Since v(0) = «(0) and for all other y, v(y) = M7 we have

v(y) = {W(O) y=0
D=L () + ¢ sen(y)r0(ly) v #£0

For all values of ¢, the function on the righthand side sums to 1. It also satisfies
(1.6) for the transition function for X with A = Ag. It is nonnegative and,
therefore, a minimal QSD if and only if

inf v (y) — |elr?0(y) > 0.
anf v (y) = [elv™*"(y) >

Using the explicit formulas for the two QSDs in the inequality, we obtain

o] < imf LEFA=)) _ p =)
“yeN (1 - pa)y 1—pa’

Therefore v is necessarily a convex combination of the two QSDs obtained by
choosing ¢ = i”l(ii;z), which we respectively denote by p2, and are given by

1 1o(l —«
1290 = 2+ 80w (o) £ 222D im0y, (8.10)
2 21— p«a
Hence Lemma [B.1}{I] and ] give
Mgy — L=0)7 yp y=0
' (W) 1—pa’ s+ —-a)yr yeZ-{0}

8.5 Proof of Theorem [8.1]

To distinguish between probabilities and expectations for X and Y°, we denote
the distribution of Y starting from (state or distribution) - by Q.. The proof of
the theorem requires the following results that show the asymptotic distribution
of Y? and Y, respectively.

Lemma 8.2. 1. Suppose x,y € N. Then

_ /8
Q.z(yn - y,Tg/ > n) ~ e Aom W.Tp zypyl{y6w7n+gz}

8 1 _
—Xon —z H{yez—n+2Z}P Xo,0
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2. Suppose x € N. Then

- 8 p 2p nex+2Z
Y Aon T
- > ~ 55
1;2 (TO TL) e \/;IP (1_p2)2 {1+p2 n€$+2z—1

Lemma 8.3. Suppose § > 6. and let r = ay/q(1 —q) for some a € [0,1).
Then for x,y € Z4

1-p)?
1—ap

aon [ 8 (A—ap)p™®
Qulrs =) N s [T A - P

() b () romee ()

Where Jo s the 2 X 2 exchange matrix.

1. Qac(Yn = y,TX > n) ~ pY (1 + (1 - a)y) Q:c(TX > n)

2.

As also shown in [24], Lemma and Lemma imply that the limiting
conditional distributions exist and are given by:

Corollary 8.1. 1.

(1+p)?
Qo (Y = ylry >n) ~ v 0(y) x 12N(y)T L cr+2Z
12N—1(y)% necx+2Z—1

2. Suppose § > ... Then

(1-p)? ,

Qa(Yn = yl7a >n) ~ = o A (1= a)y) ~ v (y).

We will give the proof of Lemma [8.2] and Lemma [8.3]in Section
Proof of Theorem[8.1 Obsevre that for every x € Z, the distribution of |X|
under P, coincides with the distribution of Y under @),|, and in particular,
Po(X, = 0|7a > n) = Q4 (Vs = 0[7X > n) — v*(0).

Next, consider P,(X, = y|ta > n) for general y € Z\ {0}. Assume for
simplicity z > 0, we have

P.(Xp =y, 7a >n) = 1{zy20}Px(Xn =y,70 > n) + Pu(X,, =y, 70 < n).
(8.11)
By the Strong Markov property and the symmetry with respect to 0, the
second summand on the righthand side is equal to
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(Qx(yn = |y|) - QJC(Y;L = ‘y|’7—g/ > ’I’L)) . (812)

1 1
§Qw(yn = ‘y|a7'(}/ <n)= )

Combine (8.11])
1 1
Pa:(Xn =Y, TA > ’I’L) = iQm(Yn = |y|) + isgn(xy)Qz(Yn = |y|7TOY > n) (813)

However, the second summand on the righthand side is nonzero only when y
and x — n have the same parity.

Thus, we will consider the convergence for x —n even and x —n odd, respec-
tively. In particular, since processes X and Y won’t be affected by the parity,
we sum over all y and use

xon [ 8 (A—ap)p™”
Qelri =) Y S - ) - P

<(7) (0 57) w0 (0)) () e

xon, [ 8 (L=ap)p™(1+ (1 - a)x)

~ e —

[l p)(I—a)p

We have the following two cases:

e If 2 — n even, using equation (8.13), Lemma 8.2 and Lemma

1Q.(Ya=1y) 1 Qu(Yy = |yl 0" >n)

P,(X, = ~ - 1
( ylTa > n) 2 0.(Y > n) + QSgn(xy) {(ye2z} Q. (L > n)
(8.14)

~ S (1 G () + gomn(ey) gy cazyhe (1) ()
(8.15)

e Similarly, if x —n odd,

1Q.(Y, =
By — ylra > ) o 1Y =10

1
+ osgn(zy)lyeoz i1y

2 Qu(tX >n) 2 Qu(TX >n)
(8.16)
1 1
~ 5(1 +So(y)) v (Jy]) + isgn(ﬂ?y)1{ye2z+1}ho($)’/\°’0(|y|)
(8.17)

where
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In addition, observe from (8.10)

S04+ i) ) = 5+ B0()r (),

and
_1p(l—o)

— )\0,0
51 pa sgn(y)v ™" (|yl)

%(ui" — 1)(y)

Therefore, for v € Zy,n € Z, define

)
and 1
P ) = 5 + ) ),
we have
1.
Po(Xan = yirs > 20)
1, A 1—a)z 1, N
— §(M+0 + 1) (y) + Laz(y — x)sgn(;p)m§<u+o — 1))
— 10(9) + Lazly — e LE 220
2.
Pp(Xon1 = ylma > 2n+1)
() A (1-a)z 1, \
— §(M+0 +p20)(y) + Loz (y — x)sgn(x)mﬁ(uﬁ — 12 ()
Xo _ X0
= 1 (y) + Laz4a(y — x)f@'(m)%ﬂ

where
k(z) = sgn(z)h(zx)

By symmetry with respect to 0 the above results can be extended to z € Z
with a V]
—a)|z
h(r) = ——————,
(z) 14+ (1 - )|z

completing the proof. O
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8.6 Tail Estimates

In this section, we prove Lemma [8:2] and Lemma [8:3] Recall Y is a Birth and
Death process on Z; U {A} with A being a unique absorbing state and the
process Y°, defined as follows:

Yto = 5/;51{7-(}’>t}~

In order to prove Lemma [8.2] and Lemma [8.3] we need an auxiliary result
on simple symmetric random walks. Let S = (S, : n € Z;) be the simple
symmetric random walk on Z. Let o¢ = inf{n > 0: S, = 0} and write Py, E,
for the probability and expectation for S with Sy = x. We omit the subscript
and write P and F for the case x = 0.

Proof of Lemma[8.3 We assume first z — y and n are both even. For z,y > 1,
the reflection principle gives
PSE(SH =1Y,00 > TL) = Px(Sn :y) _Px(sn = _y)
=P(Sp=y—z)-P(Sp=y+x)
Observe that the @, probability of each of the paths for Y on the left-hand

side is the probability under the random walk, times the change of measure
coefficient, which is 27¢("»~¥=2)/2(1 — ¢)(»+(¥=2))/2 Therefore we have

QuYi =y, > m) = Vall — )" () 7D (P(S =y — ) — P(Si =y + )
! (8.18)
= e MU=t (P(S, =y —x) — P(S, =y +x)). (8.19)
This and the local central limit theorem with estimates for one-dimensional
simple symmetric random walk [17, Proposition 2.5.3] give the first claim. Tt

remains to extend it to the case where both y — z and n are odd. In this case,
we have

P(Sp=y—a) = P(Sa=y+) = = (P(Sac1 =y —a — 1) = P(Su_1 =y + 1 + 1))

N po| =

+5 PG =y—a+1) = P(Sp1=y+a-1))

) m (zy+ 5@+ D+ (@ = D))

As a result, Lemma 8.2} claim [T holds whenever y—z and n have the same parity.

For the second claim, when summing over y using (8.19), we split the sum-
mation according to whether y < n'/3§(n) or y > n'/36(n),

nt/35(n)

Qo >m)=e"[ Y 4+ Y p TIPS =y —a) = P(Si =y + )]

y>nl/35(n)
=1+ 1
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Where
3 nt/3 §(n)
I ~ e—Aon” —3 xp Z ypY.
yeN,y—x—ne2Z

Thus, we need to consider the following two cases:

e x —n € 2Z. Then we need to sum over y € 2N:

2

X w2 g B0)

yE2N,y<nl/35(n) zeN

e x —n € 2Z — 1. Then the summation is over odd y and is therefore
asymptotically equivalent to

__ P 2

-aty (i-ary) o
2

:m. (8.23)

wnl/Sé(n) +1 P35 (n)+1 _

(1—p)?
o(I1), the proof is now complete. O

This gives the asymptotic for I;. As0 < Iy < C(n)xp~

Next, we give the proof of Lemma We will break it into two pieces and
show the second claim first.

Proof of Lemma[8-3-claim[Z Observe that the distribution of 7} under Q, is

the same as the distribution of 77 under Qw+G60m(5/q)' In particular, this
gives
=6 N
Qu(TA >n) = Z 5(1 - g)k 'Quir(rg > ).
k=1

We will write the sum on the right-hand side as J; + Js + J3, where J; is
the summation over k = 1 to k = n'/3y(n). Jy is over n'/3y(n) < k < n and
Js is over k > n. Clearly, J3 < (1 —6/¢q)" !, but since § > g, 1 —6/q < e 20
and so J3 decays to zero at a geometric rate faster than e=*°. Also since

Qm(T(}/ >n)= e ton (E[Psnvsn > —m] - p_%E[PSnv‘S’n > x])

=e M (B[, —z < Sy <]+ (1—p 2)E[p°", S, > 1]).

Then for J; we will use the upper bound Q. 41(7d > n) < e " E[pS S, >
—z — k] < e ronp=2=k+1(1 — p)=1 In particular,
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nge—kona lzl_d/q -1 —k+1
q
k

where (1 —0/q)/p = a < 1, so we have

)
Jo < e’“”;@““”“pﬂ(l —p)"t=o(e™). (8.24)

Finally, we can turn to J;. We have

Ji=Jiq1+ Ji,2,
where
5 n'/%y(n)
Jl,j = - Z (1—5/q)k_1lj(n,x+k)
4 =
N . . 1 o
To simplify the analysis, we will use (1 —4§/q)p~! = & =1—-ap. Thus
n'/%5(n) 2n1/%y(n)
Jig= - Z Z e M1 —§/) R (P(Sy =y —x — k) — P(Si =y +x+k))

5 3 nt/3~(n) 2t1/3y(n)
~ 567)‘(]”\/ %Pﬂ Z (1=0/q)" p (@ +k) Z P’y
y=1

k=1
5 3 nt/35(n) 2t/35(n)
~ ge—kon rngp—;v—la—w Z aw-{-k—l(x + k) Z oYy
k=1 y=1

Since y — (x + k) —n must be even, we need to consider the following two cases
for the two summations above:

e r+ne€2Z Theny—ke2Z:

5 _ 8 p—x—l B
Jia ~ ¢ Aot 3 o Z Q™ (g 4 k) Z oYy
ke2N,k<nl/3~(n) y€E2N,y<2n1/3~(n)
4 Z am+k71(x + k‘) Z pyy
k€2N—1,k<nl/3~(n) yE2N—1,y<2t1/3~(n)

Thus, using ) and -

F (3 (5 o ()
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e rxr+ne2Z—1 Theny—ke2Z—-1:

J 8 pot
Jiq~ 9 oo ﬁl) — Z a1z + k) Z oy
q ke2N,k<nl/3~(n) y€2N—1,y<2t1/3~(n)
+ Z az+k71(x + k) Z pyy
k€2N—1,k<nl/3~(n) yE2N,y<2t1/3~(n)

Thus, (§.20) and (8.23) imply

b e (5 () o)

Next, notice that

n'/3 (n)
5 _ - - e
Jig< e N (1=6/g Y [ RP(Si=y—2—k) = P(S, =y +a+ k)]
q k=1 y>2n1/35(n)
5 3 n'/%y(n)
< 66—/\0n /ﬁp—w—la—x Z aw+k—1(x + k) Z oYy

k=1 y>2n1/35(n)

8 1-— -z 1
< e Hom 7% (1 = a)z + 1) (2n/35(n) + 1)p>" /"M = o(J1 1).

= 3 (L= p)(L—a)]

This and (8.24)) then give J; + J2 ~ Ji 1, completing the proof.
O

We now compute Q. (Y, = y,7X > n). We begin by finding the generating
function of expression, ¢,(3,y), defined as

$a(By) =D B "Qu(Yy =y, 7X >n).
n=0

By conditioning on the transition from Y;,_; to Y;, whenever y > 0, we have
that for all n > 0

Qz(Yn = vaX > n) = Q:L’(Ynfl =Y — 1)(1 - q) +Qz(Yn71 =y+ 1)q

Therefore

¢m(6ay) = Qz(YO = y) + (1 - q)ﬂ Z Bnile(Yn—l =Y—- 1) + Qﬂ Z 6n71Qm(Yn—l =y+ 1)

n=1 n=1

Similarly when y = 0, for n > 0 we have
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Q:v( ) Quz (Yo l—O)r+Qw( n— :1)(17
so that
¢2(8,0) = 6,(0) + rB¢(B,0) + qB.(8,1). (8.26)
The calculation of difference equations (Appendix gives

y+1 _ (1 — p)y+1 Yy_(1=n)¥
028, = (@9) ™ [T BT 6,06,0) - T USTE (160,(6.0) + 820)
Y=o _ (1 _ Yo
+ 1{y>x}(£]6)$n 2,'7( — 177)

Where n =y~ '8q and 1 —n = y3(1 — q) for some v > 0. Using this, we can
complete the proof of Lemma

Proof of Lemma 8.3 Claim[1. Consider
¢ (B,y0) = Z¢wﬁy—f1+12+13

where
h = S S ) 02— ) (1 =P =) =)
_ ¢2(8,0)(gB)""*! ( n”°(n —rp) (1—n)y°((1—n)—r6)>
2n—1 Bq—mn Bq—(1—mn)

We expand according to n¥ = 27Y(1 —¢€)¥ and (1—n)¥ =27Y(14¢)? for the
general y, only using the first two terms (coefficients of € and €'). All other
terms will lead to contributions of smaller orders. Hence We have

- $2(8,0) o\ yiio—y (L=6)Y(n—1B) (A+e"((A1—n) —1rB)
¢x(ﬁ,y)Nm(/BQ) 12 ( Bq—1 Bq—(1—17) )
n—rB  (1-n)—rp
Bqn+ﬂq(1n))
yq+r—26q(1—q4r7")>.

q—'f‘

— (289)V2(5,0) + (289) y(8.0)(50) (

— (29)"6.(8,0) (1 n

Where

;)cﬁz (8,9) = 92(8, 0081 x 5 —

~—
—~
=)
(S
|
—~
[a—y
|
3
N
~—

Therefore, taking 3 = e we have

atr—p _q+r)> Qa(TX > n).

Qa:(YnZyaTK>n)pr<1+y q—r
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Observe that

gtr—p'(—qg+r) _(Vi-vVI-9l-a) 1-p

q—r Vai— V1 —qao 1 pa

(1—0&),

S0,

1—
Q. (Y > y,TX >n) ~ pY(1 +y1 ppa(l — a))Qw(TK >n).

—_———
=C

Hence,

Qu(Yn =y, 7X >n) = Q,(Ys >y, 7x >n) — Q. (Y, >y +1,7x >n)
~p? (1+Cy) — p(1+Cy+1))) Qu(TX > n)

— U (1 (- @) QulrX > )

9 Appendix: Calculations for Section

To solve difference equations (8.25)) and (8.26)), we fix § < 1. We will find v > 0
such that

Y81 —q)+~ 'Bg=1.
—_——  ——

:1—7] =n

Setting H,(8,y) = 7Y (5,y), (8.25) and (8.26]) are equivalent, respectively,

to

H,(B,y) =700y + (1 —n)H,(B,y — 1) +nH.(B,y + 1), y > 1.
Hw(ﬁ,O) = 690,0 + TﬁHw(ﬁ,O) + on(ﬁ7 1)

We first solve the system for the case y + 1 < x. In this case, (9.1) gives

—~
© ‘©
o =
= =

HoB,+ 1) = Ho(8) =~ (M ()~ Ha(By = 1)) (03)

and
(1=n—rB)H.(B,0) = ds 0
n
I.(B)

Hz(ﬁa 1) - Ha:(ﬁao) =

Hence we have

.35+ - 1(35) = (20 (1000 - 1.0 2 2



Summing from j =1 to y — 1, we then obtain

Ho(6y) - H(51) = S (1‘") L(9).

=

Hence we have
1yl (50
1o — L)+ H.(B1) . y<u

noo1- e
=I.(B)+H.(8,0)

H;C(/87y) =

Next, when y = x, we have the equation

Ho(Bx+1) - Hy(foa) = L= MUEH(B,2) — Hy(f iz~ 1)) =7

_(l=ne _r
_(n)lz(ﬁ) 77’

and since for y > = we can also use (9.3]), we have

.3y + 1) = Ha(Bon) = (D L(8) = (

Which gives the following formula

Ha(po) ~ H0,0) = 3 (P00 - (D )z

=\ "
Altogether,
Uiy R i R
Ho(Bry) = > (— Y 1,(8) = T3 (Y= 4 H,(8,1)
= N
. YR 1
= ILB) — =Y (—) = + H,(5,0).
j:o(”) (8) n;(n) + H,(8,0)

1_
To get ¢,(8,y), multiply by v~¥ and let w = J, we obtain
n

1—-wY YY1 —wYTT
I _ i
1—w =(8) n 1—-w

¢a(B,y) =77 +77YH.(8,0).

Summing over all y, we have
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(b - i)
1—v~1 1-w/vy

1—w

L(B)+ ———

Using 7~ 18q = n we get

$2(8,1) = (Bg)*

1
(Bg—n)[Bg— (1 —n)]

¢2(8,0) + Bq

1
(Bg—n)[Bg — (1 —n)]
1

P G e~ =)

To get back to ¢,, we need to multiply both sides by 7~¥ and use the identity

(19.3). This gives

b:(8,y) =
y+1_q1_\¥+1 Y_(1_m\¥Y Y= _(1_\Y—T
(a8) 7 [ZSU5 0,(8,0) — 950" (r86,(8,0) + 810 + (Ba)* LU
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